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ABSTRACT 


PROXIMITIES AND EXTENSIONS OF CONTINUOUS FUNCTIONS 

Theorems dealing with the continuous extensions of functions 
from dense subspaces have always constituted a very .iinportant class 
of problems in Topology. Closely related to these are the coropact- 
ification theorems. In the present dissertation, we shall obtain a 
unified approach, based on the concept of proximities defined on sets, 
to solve both these types of problems. 

Let X be a non-void set and let 5 be a binary relation 
defined on the power set of X consider the Following axioms ; 

(P.l) A 6 B implies R $ A. 

(P .23 (A B )6 C iff A « C or B 6 C. 

(P.3) A. 6 B implies that A 4 t > B 4 1* • 

(P.4) A B 4 f implies A 6 B. 

(P.5) X 6 y implies x = y. 

(P.6) A jS B implies there exists an E c: X such that 
A ^ E and (X-E),« 3. 

(P.6*) A5B, b6C for every b in B implies that A. 6 C. 

(P.6'*) a 6 B, b 5 C for every b in B implies that a 5 C. 

Then (X,6) is an Efremovic (or an EF-) space if 6 satisfies 
(P.l), (P.2), (P.3), (P.4) and (P.6), (X,6) is a Lodato (or a LO-^) 

space if 5 satisfies (P.l), (P.2), (^.3), (P.4) and (P .6') , Finally , 
(X,6) is a separation [or an S-]space if 6 satisfies (P.l), (’’.2), 
(P.3), (P.4), (P.5) and (P.6”). 
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The first chapter pives the basic definitions and theorems, 
which will be frequently' used in the subsequent work. Most of these 
are known results, and care is being taken to provide adequate 
references for thern.^ 

Chapter 2 contains the fundamental theorems on extensions 
of functions. The main result in this direction is that any proximal ly 
continuous map f : -> (¥, 52 ) > where (X,6i) and (Y,52) are 

separated LO-spaces, has a continuous extension f^ : -»• Zy , where 

Z^ denotes the space of all bunches over the LO-space CZ,5) with the 
Absorption topology. Usii\g these results, we derive, for LO-spaces, 
a satisfactory generalization of the well-known Smirnov compact ificat ion 
theorem for EF-spaces. This theorem reads, as follows ;- 

Let (X,6) be a separated LO-space such that if A 6 B then 
there is a bunch over (X,6) containing both A and B. Then : 

there exists a compact T-i -space X (the space of all maximal 
bunches over (X,5) with the Absorption topology) containing 
a dense homeomorphic copy of X ; 

A 6 B iff C1(|(A)) ^ ClciCB)) 4 f in being the 

eirfjedding m.ap of X into X ) , 

If f : (X,6) — ? (y,6') is proximajly continuous (where {Xijis 
a separated LO-space) , then f has a continuous extension 
f : X Zy. 

In the third chapter, a general result on extensions of 
continuous functions is first proved. Let X be a Tj dense subspace 

V 

of an Ro-space T and let (Y,6) be an Efremovic proximity space. 


(i) 

(ii) 

(iii) 



.V-*- JL 


Then a continuous function f X Y has a continuous extension 
£ : T Y (the Smimoy conspactification of y) if and only* if* A B 
in Y implies Cl^f^CA) Cl^f“^(B) ® ^ . It is then shown that 
the extension results of Taimanov, McDowell, Blefho and En^Eielkinc are 
easy consequences of this theorem. Not only these, but we also find 
new extension theorems which extend Taimanov' s result to cases 
when the range space of the continuous map is some generalization of 
compact spaces. Thus, we prove that if X is a T^^ -dense subspace of 
an Ro-space Tj and if Y is a locally compact Hausdorff space, then 
a continuous map f ; X Y has a continuous extension ? : T Y iff 
(i) for disjoint closed sets F^, in Y, Clyf"^{Fj) Cl.j.f“^(F23 = 4 
and (ii) for each t in T, the family = {A e P(Y) :tcCl.j.£"^ (A~) } 

contains some contact subset of Y. 

The fourth chapter is devoted to the various compactifications 
of topological spaces. In the first half of this section, we exploit 
the known results of proximity spaces to show that a separating [normal] 
base X on a T2-[Tychonoff3 space X induces a LO- [respectively EF-] 
proximity 6(cC3 on X and that the Wallman compactification W(X) 
is homeomorphic to the Smirnov compactification of X corresponding 
to 5(sX). We then use this result to derive a necessary and sufficient 
condition for a Hausdorff compactification to be Wallman. tn the latter 
portion of this chapter, we utilize the results of chapter 2 to deduce 
the well-known theorem of Ponomarev,/ 

. Chapter 5 deals with real compact spaces and Wallman real" 
con^sactifications . Extension theorems involving real- compact spaces 
will be derived by the help of our earlier results. A concrete 
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realization of the Hewitt real coinpactification vX of a Tychtmoff 
space X will also be given. Next, it will be shown that the space 
nGO, corresponding to a countably productive normal base ^ on a 

CO • 

space X, is real conpact iff r~\ Cl (L ) = Cl ( /'^i L ) , L e Y , 

n-1 X<5 X^ n»l "" 

where denotes the 0-closure of X in W(^), Finally, necessary 

and sufficient conditions shall be obtained for n(^) to be homeomorphic to 
an ^*-real coinpactification Y of X. These results will be motivated 
by the known results concerning Wallman compactifications , 

In chapter 6, we will make a detailed study of S-spaces Analogies 
will be developed between these spaces and the well-known FF-snaces 
and the LO-spaces. For instance, it will be proved that every S-space 
has a compatible -topology and further, that it also has a compatible 
generalized uniform structure. 

In the concluding chapter, we shall consider the problem of 
proximal embedding of S-spaces. In particular, it will be shown that 
every abstract S-proximity is a subspace S-proximity of 6^ defined 
by A 6^ B iff F) '^(A ^B) 4 ^ • The generalization of Smirnov 

Theorem for S-spaces will also be deduced, and finally, by extending our 
previous results of LO-spaces to the S-spaces , further variations of 
Taimanov's result will be obtained. 



CHAPTER 1 


PRELIMINARIES 

In this chapter, our objective is to familiarize the reader 
with the basic theory of proximity spaces, and at the same time, to 
recall some of the known definitions and results which will be relevant 
in the subsequent work. As most of the results mentioned in this section 
have already appeared in print elsewhere, we shall be omitting their 
proofs . The terminology followed in the entire course of this disser- 
tation is that of Pervin [28] . 

We shall denote the power set of a non-void set X by P(X) . 

Let 6 be a binary relation defined on PCX). For (A,B)e d, we will 
write A 6 B, and for (A,B))C 6 , we will write A ^ B. For x e X, {x}e P(X) 
will often be written as x. Consider the following set of axioms? 


(P.l) 

A 6 B implies E 6 A. 


(P.2) 

(A M B) 6 C iff A 6 C or 

B d C. 

(P.3) 

A 5 B implies that A ^ t , 

B + <!> - 

(P.4) 

A AB 4 ^ implies A 6 B. 


(P.5) 

X 6 y implies x = y. 


(P.6) 

A / B implies there exists 

an E e P(X) such that A i E 


and (X-E); B. 


(P.6') 

A 6 B, b 6 C for every b 

in B implies that A d C. 

(P.6") 

a d B, b 5 C for every b 

in B implies that a d C. 

1.1 Definition : (Efreraovic [8]) 

V 

d is a [separated] Efremovic 


proximity (denoted by [ separated] EF -proximity) on X iff 6 satisfies 
the axioms (P.l), (P.2), (P,3), CP.4) , [(P.5) ] and (P.6). 
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1.2 Definition ; (Lodato [18]) fi is a [ separated] Lodato proximity 
(denoted by [ separated] LO-proximity) on X if 5 satisfies the 
axioms (P.l), CP.2), (P.S), (P.4), [(P.5)] and (P.6’). 

1.3 Definition : (Krishna Hurt i [24], Szyroanski [36], Wallace [38,39] 

for a survey see Pervin [29]). 5 is a senaration proximity (denoted by 

S- proximity) iff 5 satisfies the axioms (P.l), (P.2), (®.3), (P.4), (^^.S) 
and (P.6''). 

1.4 Remark : The axiom (P.6) is often called the Strong Axiom . It has 
been proved (see Nairopally and Warrack [26]) that the following axiom (Pj.6) 
though apparently stronger than the Strong Axiom, is actually equivalent 

to it; 

(^2*6) A ^ B implies the existence of E,F in P(X) such that 
A ji (X-E) , B t (X-F) and E F. As a corollary to this, we observe that 
in an EF-space (X,6), if A i< B, then A, B are contained in neighbourhoods 
(nbhds.) N^, Ng respectively such that {, Ng. 

1.5 Remark : The pair (X,6) will be called an EF-space , a LO- space 

or an S- space depending on whether 6 is an EF -proximity , a LO-proximity, 
or an S-proximity respectively. In general, "proximity 6 " will 
stand for any one of the above mentioned proximities, and similarly, 
a "p-space (X,6)" will be any of the above listed spaces, unless 
otherwise specified. 

1.6 Proposition : Every EF-space is a LO-space, and every separated 
LO- space is an S-space. The converse need not hold for either of these. 

1.7 Proposition : (Efremovic [8], [Lodato [20]) Every EF-[L0-] 
proximity 6 on a set X induces a topology t(6) on X as follows : 
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For G in P(X), G e t(5) iff for each x t Q, x i (X-G) . , 

1.8 Definition ; If t is a topology on a p-st>ace (X,5) such that 

T = t( 6) then x and 5 are said to be compatible with each other. 

1.9 Definition : A topological space (X,t) is Rq iff either of the 
following equivalent conditions is satisfied. 

(i) X e G e T implies x<r.G. 

(ii) X e y implies that y e x , 

1.10 Theorem : (Lodato [18]). If 6 is a [separated] LO-proximity on 
a set X, then (X,t(6)) is [T^] .Conversely, every Pq-[Tj-] space 
(X,t) has a compatible [respectively separated] LO-proximity 6^ 
defined by : 

For A,B in P(X), A B iff A' A B" 4 f . 

1.11 Theorem : (Efremovic [8]). If 5 is a [separated] EF-proximity 

on a set X, then (X,t((S)) is completely regular [respectively Tychonoff] . 
Conversely, every completely regular [Tychonoff] space (X,t) has a 
compatible [respectively separated] EF-proximity 6|; defined by : 

For A,B in P(X), A 4- 8 there exists a continuous map 

F 

f : X [0,1] such that f(A) = 0 and f(P) = 1. 

(The above EF-proximity 6p is usually called the functionally 
distinguishable proximity . ) 

1.12 Remark : 6^, as defined in 1,10, is a compatible EF-proximity 

on (X,t) iff T is T^. Further, for a compact Hausdorff space (X,t), 6^ 

is the unique compatible EF-proximity. 

v 

1.15 Proposition : (Efremovic [8], [Lodato [18]]). In an EF-[L0-] 
space (X,fi), A 5 B iff A~ 6 B~, 
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1.14 Proposition : In a p -space CX, 6 ), A 5 B/A CE, BoF implies 

that E s F- 

Proof . As E = A (E - A) , A 5 B implies, from (P.2) that E 6 B. 
Similarly, F = B U(F - B) , E 6 B inqjlies that E 6 F. 

1.15 Definition : If 62 proximities on a set X, then 

we define 5^ ^2 A B implies that A B. This is also 

expressed by saying that 6 ^^ ^ finer than that is coarser 

than 5 j. 

1.16 Theorem (Smirnov [31], [Lodato [18]!) 6 „ [ 6 .,] as defined in 

'■ ' ' F O 

1.11 [respectively 1.10] is the finest EF- [respectively L0-] proximity 
con^atible with any completely regular [respectively Pq-] topological 
space (X,t). 

1.17 Remark : It is worthwhile to note here that every metric space 
(X,d) has a conroatible EF-proximity 6 ^^, called the metric -proximity 
given by : 

A B iff D(A,B) = 0 , where D(A,B) = inf. d(a,b). 

aeA,beB 

1.18 Definition : If (X, 6 j^), (¥, 62 ) are two p -spaces, then a man 



iff A B infilies that f(A) 62 f(B)- Further, f is a proximal 
isomorphism between (X, 6 j^) and (¥, 62 ) iff f is one-to-one, onto, and 
such that both f and f“^ are p -continuous . 

1.19 Proposition : . Let (X, 6 j) be an EF-space, and let (¥,52) be 
p-space. If f : (X, 6 j^) -»■ (¥, 62 ) is p -continuous, then the map 
f : (X,t(6j)) -»■ (¥,t( 52 )) is continuous. In general the converse need 
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not hold; but it holds if 6^ = 6p and is any EF-proximity on Y. 

1.20 Pi|^:^sition : Let (X,5j) be a LO-space and let (Y,<52) be any p-space . 

If f ; (X,5p p-continuous , then the i^ap f : (X,tC 6 j)) -*■ 

(Y,t( 62)) is continuous. In general, the converse need not hold; but 

it holds if * LO-proximity 5^ and 5^ is any LO-proximity on Y. 

Proof : Suppose f is p-continuous. To show that f is continuous, 

we need prove that if x e A" , then f (x) e f (A) for each A e P (X) . Let 

x e A~. Then x A so that f(x) 62 fCA). Hence' f(x) e f (A) . That 

the converse is not always true can be seen by tabing X. = Y = , 5^ = 6^, 

and §2 ® LO-proximity 5^. Then the identity map i is continuoiis, 

but not p-continuous. Finally, suppose f is continuous and 6^ = 6^. 

If A B, then A“/T( B" ^ (j) , so that f(A)'^f(B)^ ^ . Since f is 

continuous, fCA)<^f(A)" and f(¥)<Cf(BT. Hence A f(BT 4 4 > which, 

in view of (P.4), implies that £(A) 5 f (B) . Using 1.13, we get that 

2 

£(A) 52 £(B) . 

1.21 Definition : If (X,5) is a p-space, and Y<^X, then noting that 
P(Y)C1 PCX), we define a binary relation Sy on P(Y) as ; 

For A,B e PCY), A 5y B if4 A 6 B. 

1.22 Remark : The relation 5 y so defined on PCY) is a proximity on Y, 
called the induced subspace proximity. Further, tCS^) is the same 

as the subspace topology induced on Y by tC^), 

1.23 Definition : A non-void class o of subsets of a p-snace CX,5) is 

a bunch [cluster] over (X,6) iff a satisfies the following set of axioms 
(B.l) A 6 B for every A,B in o . 

(B.2) (A ^B)€ cr iff A e o or B e a . 
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(B.3) A e CT iff A e 0 . 

[respectively (B.3’) A 5 B for all B in a implies A e o ] - 
Further, a bunch 0 over CX,5) is called a maximal bunch iff ocrCj , 
a bunch over CX,6), implies that 0 = 0 ^^. 

1.24 Remark ; Every cluster is a bunch ; in fact, it is a maximal 
bunch. However, not every bunch is a cluster. For example, the family 
{A E P(X) : A 6 X, A ^ {x}} is a bunch over any non-discrete LO-space 
(X,6), but it is not a maximal bunch, and hence neither a cluster. 

1.25 Proposition : Every bunch over a LO-space (X,(5) is contained in a 
maximal btmch. 

Proof : Let o, be a bunch over a LO-space (X,6) and let G be the 
1 ^ 

family of all bunches over (X,6) which contain 0 . That G is non-void 

1 

follows from the fact that 0 ^^ c Partially order G by inclusion. Then 
every chain F in G clearly has the union of its members as an upper 
bound. Hence, by Zorn's lemma, ^ has a maximal element, which is 
obviously the required maximal bunch containing 

1.26 Proposition : (Lodato [18,19]). In a LO-snace CX,6), the following 
hold : 

(1) If o is a bunch, A e a and AoPj then B e 0 . Hence, in 

particular, X e 0 . 

(2) For A e P(X), and 0 a bunch over CX,6), either A e 0 or (X-A)ea. 

(3) For x e X, o = {A e P(X) : x 6 A} is a cluster over X, called 

A* 

the point cluster . 

(4) If 0 is a bunch and (x) e o, then 0 = o^. 

1.27 Definition : Let X be a set and ^ some distinguished ring 

(i.e. closed under finite unions and finite intersections) of subsets of X 
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which contains X. If ^ is a non-void subfamily of then : 

(a) F is an X "filter iff 



(i) F is closed under finite intersections. 

(ii) F contains every siiperset in of each of its members . 

(iii) ^ F . 

F is a prime iter iff F is an X'-il'ter such that if 

^ ^ 

> L- zj, and CL, v./' L.) e F , then either L, e F or L« e F . 
l Z i z ^ i ^ z ^ 

F is an ^ -ultrafilter iff F is an ^-filter which is maximal, 
i.e. if L eX L /~^ F 4 t ^or every F in F , then 


Cb) 


(c) 


(d) 


L e F . 


Note that if X= PC^), we obtain the Filters, prime -filters 
and ultrafilters in the usual sense. 

F is a real ^-filter iff F is an ^-filter which 




has the countable intersection property ( or c.i.p.). 


1.28 Proposition : Let (X,6) be a LO-space, and let ^ be a riny of 
closed subsets in (X,tC 6)). If F is an ^ -ultrafilter on X, then 
b( F ) = {A e P(X) : A~ e F} is a btmch over (X,6), called the bunch 

.r\u 

generated by 

Proof : (i) A, B e b( F^) implies that A, B e ^ which in turn implies 

that 4 4 • Thus A 6 B, and hence, by Prop. 1.13, A S B , 

verifying (B,l). 

(ii) (A c/B) e b( F ) iff (A uB)' e F iff A U B e F iff 

/-vy •’*%»/ 'y\^: 

A £ F or B £ F iff A e b( F ) or B £ bC F ). Hence (B. 2) 
holds. 

(iii) (B.3) follows trivially as A e b( F ) iff T. z V iff 

■ ' ' ^ ■■■ 

A £ b( F ) [as F c b( F ) ] , 
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1.29 Proposition : (Mrowka {22]). In an EF-space (X,(5), a non-void 
family a of subsets of X is a cluster iff there exists an ultrafilter 
F in X such that o = oC F ) * {A e P(X) : A « F for every F in F} . 
(the cluster generated by ^ ► 

Defi^^i'tion : A non -void subset a of P(X) in a topological space 
(X,t) is said to converge to a point x in X iff the nbhd. filter 
of X is a subclass of a • 

1.31 Definition : Let CX,t) be a Tj^-space, and let ^ be an arbitrary 
ring of closed subsets of X-^then : 

Ca) 't is separating iff x F, F closed in X, implies the existence 
of , L 2 in ^ such that x e L ^ , F <- L 2 and L 2 = f . 

0>) df is disjunctive iff x li F, F closed in X, implies the 

existence of an L in ^ such that x e LO(X-F). 

^ is a normal base on X iff '3^ is a disjunctive base for 
closed sets in X satisfying the following axiom : 


(N) : Li n L 2 = ij> implies the existence of 

L» in ^ such that LjCX-L|, L 2 C;X-L^, and uL^ = X . 

1.32 Remark : (1) We note that a disjunctive base of closed sets is 

always separating; for x ^ F, F closed in X, together with the fact that 
^ is a base for closed sets in X implies the existence of an in ^ 
such that X e X-Lj^cz X-F, and hence, by 1.31(b), there exists an L 2 in^ 
such that X e 1'2‘C: X-Lj^<z:X-F. Clearly, r\L 2 = (|) i.e. ^ is separatinp;. 
(2) We also observe here that if is a seoarating base on a Tj^-snace 

(X,t), then ^ and X both belong to ^ . That X e'^ is a direct outcome 


of the fact that X is closed and 




is a base for closed sets in X. 
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To see that we consider the following cases ; (a) If ^ , 

then as X, ^ are both closed; and hence, as ^ is a base for closed sets, 

^ = {{x} , (f } (b) If x,y e X, X y . Then x £ y <= y and hence, 

by 1.31 (a) , there exist L , L in ^ such that x e L , y c L and 

Ay x y 

^ • Since is a ring, a Ly = f e (5f • 

1.33 Definition : A non-void family ^ of subsets of X is called 
[ countably] productive iff is closed under finite [respectively 
countable] intersections of its members. 

1.34 Theorem ; (Frink [11])- A topological space (X,t) is Tychonoff 
iff it has a normal base. 

1.35 Definition : (see Wallman [40], Steiner [35]). Let (X,t) be a 
topological space, and let ^ be a distinguished family of closed sets 
in X. Define W(X,'^ to be the set of all ^ -ultrafilters on X. ^or 

L e't, let L* = {F e W(X,^) : L e F } . Then the Hallman Space of (X,'i.) 
is the space W(X,';f), with the Wallman topology (or the W-topology) 
induced on X by taking the family {L* : L E^}as a s ‘base for closed sets 
in W(X^). 

1.36 Remark : Frink [11] has proved that if (X,t) is Tychonoff and 

if ^ is a normal base on X, then the Wallman space w(x^ is, in fact, 
a compactification of X. Steiner [35] has nroved the same result when 
(X,T) is T^ and -sC is a separating base for closed sets in (X,t) . In 
either case, the homeomorphism w : X w(X,X), defined by 
w(x) = {L E^: X e L} for x e X, is called the Wallman map . 

1.37 Definition : A subset E of a topological space (X,t) is a zero-set 
iff there exists a continuous map F : X -»■ ]vl,such that f~^(0) = E . 
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The zero-set E of the function f is denoted by Z(f), and the family 
of all zero-sets of X is denoted by ZCX), or siinply by Z when no 
confusion is possible. 

1.38 Proposition : (Gillman and Jerison [12]) For. a topolopical space 

the following hold ; 

(i) Z is closed under countable intersections of its members . 

(ii) Tv;o sets in (X,t) are functionally separated iff they are 
contained in disjoint zero-sets. 

(iii) Every nbhd,of a point in a completely regular space contains 
a zero-set nbhd. of the point. 

(iv) If CX,t) is normal, then every closed G is a zero-set. 

5 

1.39 Lemma ; (Frink [11]) In a Tychonoff space X,- Z is a normal base. 

Let X be a dense subspace of a topological space T, and let 
of closed sets in X. If F is an ^-filter on X, then : 

1.40 Definition : F is said to cluster at a point p in T iff 

p E ^ Cl (F) . 

FeF ‘ 

r-' 

1.41 Definition ; F is said to converge to a point p in T iff every 

ihT ^ 

nbhd. of p . contains a member of F . 

1.42 Definition : A Tychonoff space (X,t) is real compact iff any one of 
the following equivalent conditions holds. 

(i) There exists no space Y which contains X as a dense, 
proper subspace and has the property that each continuous 
real -valued map f defined on X admits a continuous 


be a ring 



extension over Y. 
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(ii) (E. Hewitt [14]). Every real Z-ultrafilter is fixed 
(i.e. the intersection of all its members is non-void) 

(iii) (Gillman and Jerison [12]). Every real prime Z-filter is 

fixed. ^ 

1.43 Definition : A topological space Y is a real compact ifji cat ion 
of a Tychonoff space X iff Y is realcompact and contains a dense, 
homeonrarphic copy of X. 

1.44 Theorem (Hewitt [14]). Every Tychonoff snace X has a xeal- 
compactification vX (called the Hewitt realcomnactification of X) contained 
in gX , with the following equivalent properties. 

(1) Every continuous map t from X into any realcompact space Y 

admits a continuous extension from vX into vY, 

(2) For any sequence {Z^> of zero-sets in X 



CO 


n=l 


^ Cl 
n=l 


YX 


Z . 
n 


(3) Every point of vX is the limit of a unique real Z-ultrafilter 

on X. 

Furthermore, the space vX is unique, in the sense that if a 
realcompactification T of X satisfies any one, and hence all , of the 
above mentioned conditions, then there exists a horaeomorphism of vX onto 
T which leaves X pointwise fixed. 

1.45 Remark : vX is the smallest realcompact space between X and BX. 

In particular, X is realcompact iff X = uX. 

1.46 Definition ; (Alo and Shapiro [3]). If ^ is a c.p. normal base 

on X, v/e define the space n(X,'^ to be the set of all real '^-ultrafilters 
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on X with the W-topology. (where no confusion is possible, we shall 
denote WCX^) and nCX.'i) simply by W(^ and n(^) respectively). 

• Alo and Shapiro [3] have also proved that the family 
’^* = {Cl^^^(L) : L e'/} corresponding to a normal countably productive 
base on X, is a normal base in n(X) . Further, every real ^ 
ultrafilter on T\(f) is fixed, and in light of this fact, they have 
called the space tiC^) as ^‘-realcompact . It is also in line here to 
note that, in general, nC30 is not realcompact . But if X ® 2 , then 
nC'D is not only realcompact but also n(^ = vX. 

We shall close this chapter by recalling some of the well-known 
results concerning a Hausdorff Wallman compact if icat ion WCO of a 
Tychonoff space X, being a normal base on X. (see Alo and Shapiro 
[1], Banashewski [5]). 

1.48 Proposition : if ^ is a normal base on X, then : 


(a) Cl 




(L, oLJ 


(b) ~ • L eX) is a base for closed sets in WQQ. 

(d) For each p e WC^), and for each nbhd. V of p in VJIX), there exists 

an L eXsuch that p e Cl„. _ (L) ii: V . Hence, if p,q e t n a, 

wtX) 


there exist L ,L in X’ such that p e Cl„, . (L ) ,q e 

p q -*< I W('j) p - 


then _ , _ 

p q 

(L ) and L A L = $ . 

q p q ' 


Cl 


w 


(X) 


(e) Cl_ (L) n vr(X) = w(L) , for every L in ^ , where w is the 
W(x) 

Wallman map of X into W(X) . 
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CHAPTER 2 

LODATO SPACES 

With the information of Chapter 1 in hand, we are now in a 
position to begin with our main results. In the present chapter, our 
primary concern will be to deal with the problem of extending a continuous 
function on a topological space, to a superspace in which it is dense. 

Our fundamental theorem in this direction is that a sufficient condition 
for a map f : (X, 6 ^) CY, 62 )> , CY, 62 ) being LO-spaces^to have a 

continuous extension f^ from to Ey (where E^ denotes the space 

of all bunches over (2,5) with a special topology, called the A-topology 
here) is that f is p-continuous . We will also obtain a necessary and 
sufficient condition for a separated LO-space to be compact and prove that 
every separated LO-space has a Tj^-conpactification. Finally, we will 
obtain for LO-spaces a satisfactory generalization of the well-hnovm 
Smirnov Compactification Theorem known for EF-spaces . 

The following result will have frequent applications in the 
subsequent work . 

2.1 Leirana : Let F be a ring of subsets of a non-void set X. Suppose 

/x.-' 

pop such that : 

(i) M P 

(ii) For A,B in F , (A B) e P iff A e P or B e P, 

^ X- vw 

and (iii) AeP,A<^BeF implies that B e P . 

Then given an A e P , there exists a prime F-filter L on X such 
that A e L o P , Further, if F = P(X), then L is an ultrafilter. 
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Proof . For P satisfying (i") , (ii) and fiii") , define to be the 
collection of all families A c: P such that ; 

(a) A e A 

"" n 

(b) A. £ A , 1 < i < n implies that A. e P . 

1=1 

Partially order by inclusion. Then clearly, every chain in <..4^ 

has a maximal element, namely the union of all its members. Hence, by Zorn's 
Lemma, there exists a maximal element L in That L is non-void and 

d» ^ L is obvious. If A B e L, then A e P and from the raaximality o£ 

L it follows that (A /^B) e L. Also, ifAeL, AC-DeF , then D e ^ 

0-m/- 

and hence, once again as L is maximal, it follows that D e L . Thus L 

/N-z 

is an F-filter on X. To see that L is prime, suppose A,B e F - L . 

"'X-/ “ •''X/ 

Then there exist A, ,B- in L such that k ^k., B /-s B, are not in T* . 

X i 1 1 

Setting E * A- /I B, , we note that E e L , but, in view of (ii) , 

X i 

ik WB) r\E £ ? . Hence (A vz B) ^ L , thereby showing that Lisa -Drime 

/-su ' 

F-filter. Finally, when F = P(X), then as every nrime filter is also 

0^ jr^ 

an ultrafilter, the result is obvious. 

2.2 Proposition ; In an EF-space (X, 6), a non-void family o of subsets' 
of X is a cluster iff it is a maximal bunch. 

Proof : In view of Remark 1.24, we need only show that if (X,6) is an 

EF-space, then every maximal bunch over (X,6) is a cluster. We first 

'■A 

observe the following :- 

(i) Because of (B.l) and (P.3), ^ £ a. 


(ii) A e cr, A<c B e P(X) implies that B e o (1.26(1)) 

(iii) (A wB)e a iff A e a or B e o (from CB.2)) . 
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Hence, by Lemma 2.1, if A e o,then there exists an ultrafilter L on 

o 

X such that e Locr. Applying (B.l), it immediately follows that 
ocroCL) = {A e P(X) ; A 6 L for every L in L }. But from Prop. 1.29, 

#*Vj> 

crCy is a cluster over (X,5). Hence, by maximality of the bunch a, a = aCL). 

2.3 Proposition : In an EF-space (X,6), every bunch is contained in a 

unique cluster. 

Proof. If b is a bunch over (X,5), then, by Prop. 1.25 and Prop. 2.2, 
b is contained in a cluster. To show the uniqueness, suppose on the 
contrary, that b is contained in two different clusters and . 

Then, there exist A^^ e P(X) such that A^ e i = 1,2 and Aj i ^ 2 ' 

By (P.6), there is an X such that Aj^ ^ E, and (X-E) i ^ 2 ' Hence 

E ^ and (X-E) Therefore E i b and (X-E) it h, a contradiction 

to Prop. 1.26 (2). 

2.4 Definition ; Let o be some distinguished family of subsets of 

a non-void set X, and let Z be a collection of such 0 . For AcX , 

we say that an E e P(X) absorbs A iff E e 0 for each o in A . 

Also, for each A e P(L), we define Cl (A) as : Cl(A)={oe E: E absorbs A 

implies that E e o}. 

2.5 Lemma : (Lodato [19]) Let (X,5) be a LO-space, and let be the 

family of all bunches over (X,6). If ZoLy ,then the 'Cl' operator 

A 

defined on P(Z) as in Def. 2.4 is a Kuratowski closure operator. 

2.6 Definition : The topology induced on Z by the above Kuratowski 

closure operator 'Cl' is called the Absorption topology (or the A-topoloj?y) 
on Z . 

2.7 Lermna : The A- topology on is T^ iff aj ^,02 e ^ 02 

implies that 
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PT^oof ■ The result is iiranediate from the fact that e ClCa^) iff 

Lodato, in fact, has proved the following: 

2.8 Lemma : (Lodato [19]). The A-topology x. on eo Ey is Hausdorff 

if either A e or B e 02 i^ 2, for A,B e P(X) such that 

A V B = X, inqjlies that o ® a-- 

1 2 

2.9 Theorem : Let (X,6) be a LO-space and for x e X, let f = $„:X Ey 

be a map defined by |^(x) = a^, the point cluster (see 1.26(3)). Then 

|| : (X,t(6)) (Ejj, t^) is continuous and closed, and |(X) is dense in 
If 6 is also separated, then X is homeomorphic to $(X) . 

Proof : That |) is continuous and closed follows from the fact that x 5 A 
iff A e 0 , i.e., x e A iff o e C1(|(A)). If 6 is separated, then 
X 4 y implies ^ and hence $ is one-to-one. Thus $ is a 
homeomorphisro between X and (}l(X). Finally, f > C1(|(X)) ={0eEy:X e o}= Zj 
(from 1.26(1)) and hence |(X) is dense in Ej^. 

Corollary : If (i) |_(X) cs E c: E^ 

(ii) A 6 B inqjlies there exists a 0 e E such 
that A,E e 0 

and (iii) the A-topology on E is Tj^, 

then I is a proximal isomorphism betwen X and |(y.) , the latter having 
the subspace LO-proximity Sy derived from (E,6 ). 

Proof : As (iii) ensures that | is one-to-one, (see Lemma 2.7) in order 

to prove that ^ is a proximal isomorphism, we have only to shov; that 
A 6, B in X iff C1(|(A)) 6^ C1(|(B)) in E . But this easily follows 

from the fact that A 6, B iff there exists a o e E such that A,B e a iff 

there exists a oe Cl(f (A)) n Cl(f(B)) iff Cl(f(A)) 6^ Gl(f(B)) . 
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2.11 Theorem : ( The Fundamental Extension Theorem) 

Let CX, 6 j^), (^, 62 ) be LO-spaces and let f : (X,5j) -► (^, 62 ) 
be p-continuous . Then there exists an associated continuous map 
fj. : -»> (Xv.T^) , (t^ being the A-topology) defined by 

(o) = {EoY : f"^CE")e o} ,a e Ly- Farther, (o^) * '^f(x) 
hence if 6 ^ and 62 are also separated, then fj- may be considered 
as a continuous extension of f as follows : 




I 




Proof : We first show that if o c , then f^ Co)g Xy by verifying 

(E.l), (B.2) and (B.3). (i) If A,B e fj. (o) , then f^CA") CB"3e a 
which implies that f-^CA") and since f is p-continuous, 

A" 6 ., B". By 1.13, A B. Hence (B.l) holds, (ii) (A U B)e fj. (a) 

^ 1 
iff f~^[(Ac/ B)"]e a iff f"^(A') ^ f^C3")e o iff f" CA“)e o or 

f-^(B')e o iff A e f j. (o) or B e f j. (o) , thus verifying (B.2) . 

(iii) A e f j. (o) iff f“^(A”)E a iff A" e fj. (a) , and hence (B.3) also 
holds. To show that fj is continuous, we must show that if 
a e C1(A) , A e P(I), then fj. (o) e Cl(fj(A)). If not, then there exists 
a set E CY which absorbs fj (A), but does not belong to fj. ( 0 ) . Hence 
f“^(E) absorbs A but it does not belong to a ,i.e., o ri(A) , a contra- 
diction. To show that = ®f(x) x e X, let 

X e X. Then fj, (o^) = (A € P(Y) : r^(A") e o^ } 
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= {A e P(Y) ; x 5^ 

= {A e P(Y) : x e 
= {A e P(X) : f(x) e A'} 

""fCx)- 

Finally, if 5j^ and 62 are also separated, then, from Th. 2.9, we note 
that are home otnorphi sms , and hence, by identifying X, Y with 

f^(X) , lyW respectively, it follows that f^ is a continuous extension 
of f. 

2.12 Theorem : Let X be a dense, separated LO-subspace of a LO-space 

(T, 6 j^). [ 6 j need not be separated] . Then, if is the A-topology on 

the map T = : CT,t((S)) defined by, for each x e T, '{'(x) = 

0 ^ = {E e P(X) ; X 6 E} is continuous. If x e X, then tCx) = o , the 

X X 

point cluster, i.e. Y/X = . Further, if T is , then is a 

homeomorphism of T into I . 

A 

Proof : We first verify that o^ e ly. Since X is dense in T, X e 0 ^ 
and hence a* is non-void. 

Ci) A,B e 0 * implies that x 5^ A, x <5^^ B, i.e. x e A ”/0 3" v;hich, by 
CP. 4) implies that A” 5^^ B~ and hence by Prop. 1.13, A 6 ^ B. Thus (E.l] 
is verified. 

(ii) As (A u B)e iff (A U B) x iff A 6 ^ x or B 6 j x Cfooro (3-2)) 

iff A e 0 ^ or Be o^, (B.2) holds. 

(iii) (B.3) follows easily as A e o^ iff x A iff x e A iff 

.- X 

A e o . 

X 

Hence a t Z . For the continuity of Y ,we must show that if E e P(T), 

• ■ ' ■ A ■' 
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and X E E~, then f(x)e C1(S'(E}3. Suppose not. Then there exists an 
A e P(X) such that A absorbs fCE) but A j# yCx) = This, in turn, 

implies that E'cIT A and x £ A~ , a contradiction. Thus f is continuous 
That ’?/X = is obvious from the definition. Finally, if T is T^, 
and Xj^, x^ e T, Xj^ ^ x^, then there exist disjoint nbhds . N 2 in T 
of Xj^, x^ respectively. Clearly, (X o -a ^ and (X -0 

Xl x^ 

i-e. 0 £a and hence <{' is one-to-one. To prove that '}' is a 
homeomorphism, it is enough to prove that '¥ is closed. Let F e PCT), 
and X £ T . Since T is T , there are disjoint nbhds. N_, N in T of 

F X 

F, X respectively. Since X is dense in T, (N C] X) absorbs tCF) but 
does not belong to . Hence "yCx) = ^ CICTCF)) , i .e . '¥ is closed. 

Leader [17] has shown that the Smirnov Corapactification (see 
Smirnov [31]) ^ of a separated EF-space (X,6) is the family of all 
clusters in X with the A-topology, . From Prop. 2.3, we also know that 
to every bunch a in there corresponds a unique cluster Og in X 
containing o. Using these facts, we deduce the following result. 

2.13 Theorem : If CX,5) is a separated EF-space, then the map 

6 " ®x " ^^X’^A^ ^ ’ given by 6 ( 0 ) = Og is continuous. Moreover, 

0 (o^) - a . 

Proof : For 0 e and AcP(l^x5> ~ '^0 ^ C1(0(A)) then, 

Og £* 0CA) [5* being the EF-proximity of X ]. Hence, since ^ is an 
EF-space, from Remark 1.4, there exist nbhds. N^, of Og, ©(A) 
respectively, such that £* N^. Then clearly, N 2 X absorbs hut 
is not in 0 , i.e. o ^ C1(A). Hence 0 is continuous. That 0(0.,.) = 0 ^ 
is immediate from the definition of 0 . 
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2.14 Remark : Leader [17] has also proved that an EF-space (X,5) is 
compact iff every cluster over (X,6) is a noint cluster (and hence 
converges to a unique poq^t .of X) . Making use of this result, we shall 
derive the following corollary to Th. 2.13. 

^ compact Hausdorff v/ith the EF-proximity 6^, 
then the map e - ^ C^>'r(5Q))given by SCo) = , the unique 

point to which a converges, is continuous. 

Proof : If X is compact Hausdorff, then X = X (by identifying x 

' f — ' 

with o^ for each x in X)and hence, by Th. 2.13, 9 is continuous. 

2.16 Theorem ; If (X,5 q) is a LO-space and if such that 

each a e I converges to a unique x^ in X, then the map 

9 = 6^ :(E,t,) (X,t( 5 )), given by 0(a] = x is continuous. 

Proof : To prove that 0 is continuous, we again show that for 

a e Cl (A) , A e P(I), 0(o] e Cl (0(A)). Suppose e (a) i Cl (9 (A)), then 

as X is T^, there exist disjoint closed nbhds . N^, N 2 in X of 

0 ( 0 ) = X and 0(A) respectively. Clearly, N- absorbs A, but is not in 

a . Hence o ^ C1(A), i.e. 0 is continuous. 

We next obtain a result for LO-spaces that corresponds to the 
result mentioned in Remark 2.14 for EF-spaces. 

2.17 Theorem : A separated LO-space (X,6) is compact iff every bunch 
b(L) generated by a closed ultrafilter L on X (see Prop. 1.28) is a 

As/ 

point cluster. 

Proof : We note that b(L) is a point cluster for some x in X 

^ x^ 0 

iff {x } e b(L) iff {x } e L (because {x } is closed in X) iff L 

O Avji O w O 

converges to x , Hence every b(L) over (X,6) is a point cluster iff every 
O /X/, 

closed ultrafilter L is convergent iff X is compact. 
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We v?ill now show that every separated LO-space has a Tj-corpactifi- 
cation. In view of Remark 2.14 and Pron. 2.2 , this result is obviously a 
partial generalization of the Smirnov Theorem. 

2.18 Theorem : Let CX,6) be a separated LO-space and let X* be the 

family of all maximal bunches in X v'ith the A-topology Then x* 

is a compact T^^-space containing a dense homeomorohic copy of X. 

Proof : As X* is the family of all maximal bunches over (X,6), from 

Lemma 2.7, it follows that X* is a T^-space. Using Tb. . 2.9, we see that 

X is homeomorphic to f(X), which is dense in X*. So we need only prove 

that X* is also compact, for which it is enough to prove that if 

{A* ; a co^y [ where A* = {cr £ X* : A e o, A closed in X}1 has the 
a a a ’ a 

finite intersection property (f.i.p.), then O ^ (|) . [This is due to 

aeA' ^ 

the fact that the family {A* : A closed in X} is a base for closed 

ct ^ 

sets in (S^jT.) ]. Since {A* : a e c/l } has the f.i.p., the corresponding 

A A Ot 

family F = {A :a e .4^ } of closed subsets of X has the property 

Ot 

that every finite subfamily of F. is a subclass of some a s X*, 

Let be the family of all collections ^ of closed subsets of X such 
that 


and 


(i) 

F c:: G 

Cii) 

G . £ G , 
1 nS 

G. £ 0 


such that 


JL ’s. ai * 

We now order the family partially ^inclusion. If is a chain in ^ , 

then it is clear that M has an iipper bound, namely the union of all its 
members. Hence, applying Zorn's Lemma, has a maximal element . 

Let bCM) = {E e P(X) : E“ e M }. Then b(M) is a bunch over (X,6), as the 
following argument shows : 
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(a) A,B e b(M) incites A~,B' e M, and since . M satisties (ii) , 

/*v-/ 

A~,B“ £ a for some 0 in X* and hence A~ 6 B~. Using Prop. 1.13, A 6 B., 
verifying (B.l). 


G>) A l)(M), B ^ b(M) implies there exist A., 1 £ i £ o and B. ,1 £j < m, 

in b(J.9 such that no 0 in X* contains either {A}'-' {A 4 }? or 

1 x=i 


m 


{B} u{B.> 


J j=l 


Because of CB.2) this in turn implies that there is no o 


in X* such that AU E, A^, , i = 1, ,n, j = l,...,m all belong to 

it. Hence (A B) £ b(M). Conversely, (A B) £ b(M) implies that there 

. 9 , r 

exist E,, 1 < k < 9 , such that {(Au B) } u {E, ,<t o for all 0 in X*. 

Hence, by (B.2), {A} u t\>k=l4' ® 

X*, i.e. A b(M) and B £ bCM). Thus (P.2) holds in b(M). 

(c) A £ bCM) iff A~ £ M iff A" £ b(M) as M cb(M). 

/xy 

Hence (8.3) is also valid for b(M) , i.e. b(M) e • By Prop. 1.25, 

b(M) tT O- for some 0 in X*. Clearly, 0 e/~\ A* and hence X* is 
o o • o „ a 


conqjact . 

We now apply the above results to obtain the theorem of Lodato [19] . 
2.19 Lodato 's Theorem : Given a set X and a binary relation 6 on P(X), 
the following are equivalent 

(a) There exists a T 2 -space Y in which X is embedded such that 

A 6 B in X iff A" Ah B~ (j) in Y. 

(b) (X, 6 ) is a separated LO-space possessing a family B of bunches such 


that : 

(i) A 6 B implies there is a 0 in B containing A and B 

, . ,/^ ■ 

and (ii) 0 j^,O 2 e B and either A c or B e 0 ^ for all A,E in P(X) 

such that A B = X, then = 02 * 
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Proof : The result follows from Leimna 2.8, Corollary 2.10 and the fact 

that A 6 B iff C1(^(A)) O Cl(f(B)) ^ (|> (as proved earlier in 2.10). 

We now recall Smirnov’s Theorem (see Smirnov [31]). 

2.20 Smirnov’s Theorem : Let (X,6) be a separated EF-space. Then 

(i) there exists a compact T- -space X containing a dense homeomorphic 

copy of X. 

(ii) A 6 B iff AAE^AinX, 

(iii) If (Y,5') is another separated EF-space, and f ; (X,6) -*■ (Y,6’) is 
p-continuous, then f has a continuous extension f : X -> Y . 

x—' 

Further, 

(iv) any space X satisfying (i) and (ii) is unique upto proximal 
isomorphism, and can be described as the space of all clusters 
over (X,6) with the A-topology 

Our generalization of the above theorem for LO-spaces reads as 
follows : 

2.21 Theorem : Let (X,6) be a separated LO-space such that if A 6 B, then 
there exists a bunch over (X,6) which contains A and B. Then : 

(i) there exists a compact T^^-space X (the space of all maximal bunches 
over (X,6) with the A-topology t^) , containing a dense, homeomorphic 
copy of X . 

(ii) A6 B iff Cl(i(A)) O C1(I(B)) ^ (j) in X. 

(iii) if (Y,6’) is another separated LO-space and if f : (X,5) -»■ (Y,6’) is 

p-continuous, then f has a continuous extension f^ ’ ^ C2y,T^) • 

Proof : If we set X to be the family of all maximal bunches over (X,6), 
^ 

with the A-topology t^, then, by Th. 2.18, is a compact Tj^-space 
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containing a dense homeoinorphic cony of X. That A 6 B iff 
C1C|(A)) ^ f ^ in X follows from Corollary 2.10, by noting 

that each bunch is contained in a maximal bunch (Prop. 1.25). Finally, 

(iii) follows from the Fundamental Extension Theorem (2.11). 

[note that X c: Zv] . 

^ A 

2.22 Remark : No doubt we have lost the uniqueness of X in the above 
theorem, but this we cannot hope for without requiring to be 
Ha.usdorff, in which case, X becomes an EF-space . 

2.23 Remark : We now explain how Th. 2.21 generalizes Smirnov’s Theorem. 
In every EF-space, A 6 B implies that there exists a cluster a 

which contains both A and B. (see Leader [17]). Also, in that case. 
Prop. 2.2 shows that X is the Smirnov con5)actification of X. Finally, 
suppose 6 , S' are separated proximities and f : (X,6) -»■ (Y,5’} is 
p-continuous. Then, by Th. 2.13, the man 6^ : (Ey,r^) which assigns 

to each bunch in unique cluster containing it is continuous. Hence 

f has an extension f : X -»■ Y given by f = By • f_ • 
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CHAPTER 3' 

CONTINUOUS EXTENSIONS OF MAPS FROM DENSE SUBSPACES. 

Our results in the previous chapter were partly motivated by some 
well-known extension theorems. However, during the course of the present 
investigation, a general technique (based on the results already discussed 
in chapter 2) of solving extension problems was discovered. In this 
chapter, we shall fruitfully employ the same to obtain alternate proofs 
of theorems such as those of Taimanov [37] and McDowell [21] . At the 
same time, new extension theorems will also be developed. Thus, if X 
is a dense subspace of a topological space T, then we shall obtain 
necessary and/or sufficient conditions for a continuous map f : X Y 
to have a continuous extension f” : T -► Y, when the range space is T^ 
and satisfies some axiom which is ’weaker’ than that of compactness. 

For example, if Y is locally compact Hausdorff, and if X is a T^^ -dense 
subspace of an R.^-space T, then we will prove that f has a continuous 
extension iff (i) for every pair of disjoint closed sets F^, F 2 in Y, at 
least one of which is compact, Cl.^ f"^(Fj^) r\ Cl.p f'^CF^) and (ii) 

for each t e T, there exists a compact subset of Y such that 
t e C1.J, f"^(C^3. Similarly, we shall consider the cases when Y is 
paracompact, metacompact, countably compact, countably paracompact and 
countably metaconpact . Finally, we will generalize Blefko's Theorem D [6] 
to the case when Y is T^. 

We begin the section with the following Lemma. 
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3.1 Leirnna ; Let X be a T, -dense subsnace of a LO-snace fT.^ ) and 

i o 

let Y be dense in a separated LO-space (Y,6 ). If a map f : X Y has 

^ 0 * 

a continuous extension' f : (T,t(6 )) (Y,t( 6 )), then f is p-continuous 

w.r.t. the subspace LO-proximities induced on X,Y by (T,6 CY,5 ) 
respectively. 

Proof : If f has a continuous extension 1 : fT.xfd )) -+■ fY.TC6 

o o 

then, from Prop. 1.20, f is p-continuous and so is its restriction 
f = f/x- 

Taimanov's result [37] reads as follows : 

3.2 Taimanov’s Theorem : If X is dense in a T^-snace T, and Y is 

compact Hausdorff, then a continuous map f : X -v Y has a continuous 
extension f : T Y iff for disjoint closed sets 

ci^ r^cpp ^Cl^ r^CF2) = <j> . 

3.3 Remark : We can interpret the above theorem nroximally as follows ; 

If T and Y are assigned the LO-proximity 6^ and the EF-proxiraity 6^ 
respectively, then f has a continuous extension iff f is p-continuous. 

As we shall soon prove, Taimanov’s Theorem can be obtained as a 
corollary to the following theorem, which is more general. 

3.4 Theorem : Let X be a T^^-dense subspace of an R^-space T and 
let X be assigned the subspace proximity induced by the LO-nroxiraity 

on T. Let (Y,5) be a separated EF-space and Y its Smirnov 
Compactification. Then a continuous function f : X Y has a continuous 
extension f ; T Y iff f is p-continuous. 

Proof : Necessity follows from Lemma 3.1. To nrove the sufficiency, let 

f be p-continuous. Consider the following diagram. 
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f 

Z 



Theiis clearly, £ : 0^ <> : T ^ is a continuous extension of £. 

3.5 Remark : If Y is compact Hausdorff, then Y is homeomorphic to 

Y and we may consider 7 to be a man from T into Y. This proves 
the sufficiency condition of Taimanov’s Theorem (see 3.2 and 3.3). 
Necessity follows from Lemma 3.1 as before. 

McDov/ell [21] has proved the following extension theorem. 

3.6 McDowe 1 1 ' s Theorem : Given Tychonoff spaces X, Y, Xc: E, X 

dense in E and such that functionally separated sets in X have 
functionally separated closures in E , then every continuous map 
f : X -v Y may be continuously extended to a mapping f’ ; Ey -»• Y 
defined by, for e e E, f'(e) = y iff e e E^^. Moreover, E^ is the 
largest subspace of E to which f has a continuous extension. 

3.7 Remark : In the above theorem, for ye Y, we define 

E = Pi {Cl- f~^(V) ; V a nbhd. of v in Y} and E^ = P E . 

y E ^ yeY y 

In order to prove theorem 3.6 by the proximity approach, we v/ill 
again prove a more general result . 

Theorem : Let X be a T^-dense subspace of an -space E, and 
let functionally separated sets in X have disjoint closures in E , 

Let Y be a Tychonoff space. Then every continuous map f : X -> Y can 
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be extended td a continuous mapping f : Y defined by, for x e F. 
fCx) = y iff X e E^, Moreover, is the largest subspace of E to 
which f has a continuous extension. 


Proof 


We first show that under the present hypothesis, if E is 


assigned the LO-proximity 6 and Y has any compatible EF-proximity, 

o 

then every continuous map f ; X -»• Y is also p-continuous . For let 
C i T) in Y. Then, by Th. 1.16, as 6^ > 5, C and D are functionally 
separated in Y. Since f is continuous, f'^CC) and f”^(D) are also 
functionally separated in X and hence f~^(C) f"^(D) in E, thereby 

implying that f is p-continuous. By Th. 3.4, f has a continuous extension 
r : E Y. We now find F^(Y). Clearly, F(x) = y e Y iff f_C(j*) 

/►w h 

converges to y iff the nbhd. filter Cl f_C<i^) iff x e C ^ flpf ) 

— 1 I ‘ y^f/iy 

= E . Thus, f"^(Y) = L/J E = E ■, and hence the result is proved. 

^ yeY ^ ^ 

3.9 Lemma ; Let X be a T^-dense subspace of an P^-space T and let 
Y be a T^ -space. Assign to Y and X the 6^ LO-proximity and the 
derived subspace LO-proximity 6 from (T,(S ) respectively. Then a 

A O 

p-continuous map f : X ->• Y has a continuous extension f : T Y iff 
for each t e T, the family f^, (a^) = {A e P(Y) : t e Cl.^, f~^(A )} 
converges to some unique point y^ in Y. 

Proof : Sufficiency is the direct consequence of Th. 2.12, Th. 2.11 and 
Th. 2.16. To prove the necessity, let f have a continuous extension 
f : T -V Y. For t in T, let ?’(t)=y^. Then denseness of X in T 
implies the existence of a net <;^x^ : d e in X which converges to t. 

From the continuity of f it follows that the net \F(x^) : d e =<£(x^) : 
d e converges to £(t) = y in Y. Hence, if and are nbhds. of 
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t . . 

t, y in T, Y respectively, then the net : d e is eventually 

in i.e. t e Cl^ so e f^Co^). Thus 

C'Ty c: f^(a^) , which inrolies that converges to y^ (Def. 1.30). 

Finally, to check the uniqueness of y^, suppose there exist y^, 72 > 

Yl ^ ^2’ fj.Co^)j i = lj2. Then, if G^ are arbitrary 

nbhds. in Y of y^^, y^ respectively, we have that :t e Cl.j. f”^(Gj) A 

Cl^ f"^(G2) i.e. Cl^ ^^T hence, by the n-continuity 

of f it follows that G, 6 G_ in Y i.e. A 7* <})• But this is 

1 o 2 12 

infiossible since Y is T^ and hence every pair of distinct points has 

disjoint closed nbhds. Therefore y, = y . 

1 2 

The following Lemma is a slight variation of the above result . 

3.10 Lemma ; Let X be a separated dense subspace of a LO-space (T,6^) 
and let (Y,5') be a separated EF-space. If a continuous map f ; X -»■ Y has 
a continuous extension ? : T -*■ Y, then : 

(i) f is p-cnntinuous . 

(ii) for each t e T, the family = (Ac FfY) : 

t e Cl^ f~^(A)} converges to some unique y^ in Y. 

Proof : (i) follows from Lemma 3.1, while the proof for (ii) is similar 

to the 'necessary' part in the proof of Lemma 3.9. 

3.11 Theorem ; Let X be a T, -dense subspace of an R -space T and let 
Y be a locally compact Hausdorff soace. Then a continuous map f ; X Y 
has a continuous extension f ; T -v Y iff 

(i) for every pair of disjoint closed set Fj^, i^i at least 
one of which is compact, Cl.pf”^(Fj^) Aci^f^CF^) = f and 

(ii) for each t e T, there exists a compact subset of Y 

such that t e Cl.^. ^^(C^) . 
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Proof : We first note that in a locally compact space Y, the EF- 

proximity 5^ induced by its Alexandroff one-point coinpactification 

Y u {«>} can be described as : A B iff A/-\ ¥ = (]) and at least one 
of A, B is coinpact (the closures being taken in Y) . Let X have the 
induced subspace proximity 6^ from the LO-space CT,(5^) and assign Y 
the subspace 6^ proximity as given above. Then, as every point y 
in Y has a compact nbhd,, the necessity of (i) and (ii) is a direct 
consequence of Lemma 3.10. To prove the sufficiency, as condition (i) 
implies that f is p- continuous, from Th. 3.4, f has a continuous 
extension f ; T Y {»} (Note that Y \j {«} is the Smirnov compactifi- 
cation of Y) . To show that f(T) Y, it is enough to prove that for 

no t e T, converges to the point ~ . Let t e T. Then, from (ii) , 

there exists a compact C in Y such that C e f_(a^) . But as 

Y V {®} is the Alexandroff one-point compactification o-*^ Y, there exists 
an open set G in Y o' {«>} such that «> e Gcz G (Y-C^), which implies - 
that G ^ C and as C e f_ (o^) , from (B.l) it follows that G f_(o^}. 

I w jt* 2 j 

Hence f (a^) does not converge to <». 

Zi 

3.12 Theorem : Let X be a T^-dense subspace of an R^-space T and 
let Y be a paracompact Kausdorff (and hence T^-) space. If T is 
such that 

(E) ; Every locally finite (or l.f.) open cover G of X is closure- 

preserving in T, 

then a continuous map f : X Y has a continuous extension f; T Y 
iff for disjoint closed sets in Y, Cl^f"^(F^)rY C^f^(F23 = f . 

Proof : Let T, Y be assigned the LO-proximity 5^ and let X have the 
induced subspace proximity from (T,6 ). Then the above necessary 



31 


and sufficient condition reduces to the condition that f be p-continuous . 
Hence necessity follows from Lemma 3.1. To nrove the sufficiency, in view 
of Lemma 3.9, it is sufficient to show that for each t g T, the family 
fj.(a ) = {A E P(Y) ; t e Cl^ f“^(A)} converges to some unique y in Y. 


Suppose not. Then, for each y in Y, there exists an open nbhd. of 

y such that N i f_Ca^), and hence M = {N : y e Y, N an open nbhd. 
y h ^ y y 

of y> f^(a^)} is an open cover of Y. From the paracompactness 

of Y, there exists a l.f. open refinement {0 :a e A} of H which 

Ct 

is a cover of Y. From the continuity of f 6 = {f'^CO ) e A> is 

# <x 

also an open cover of X, and as {0 e A} is l.f., so is G. Hence 

CX 

by condition (E) , G is closure-preservinp in T. Thus u Cl f"^(0 ) 

^ .To 

1 / -1 cteA 

= Cl_ ( V_/f ■^(0 )) = Cl_ X = T, which implies that there exists at least 
1 . a 1 

1 t 

one a' in A such that t e Cl_ f fO ) i.e. such that 0 e f_fc ). Put 

Fa* a* F 

as {0 :a e A} is a refinement of M, and no member of M is in f^Co^), 

Ot 

from Prop. 1.26(1), no 0 ,a e A can be in f (p^) , a contradiction. 

Ct L) 

Hence, for each t e T, f^Ca^) converges to some y^ in Y. For the 

uniqueness of y^, vie note that if y^^, y^ e Y, y^^ ^ y 2’ there exist 

disjoint closed nbhds . N^, of y^, y^ respectively, and hence ^2‘ 

But f_(a^) is a bunch over (Y,6 ) (Th. 2.11), and consequently, in view 

of the axiom (B.l), at least one N. , i = 1,2 is not in f^Co^) , ai'd hence for 
t 

each t e T, y is unique. 


3.13 Theorem : Let X be a T^-dense subspace of an R^-space T , and let 

Y be a metacompact T^-space . If T is such that : 

(E') : Every open point finite (p.f.) cover G of X is closure- 
preserving in T, 
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then a continuous map £ : X Y has a continuous extension F : T Y 
iff for disjoint closed sets in Y, Cl^f^CF^) nCl^f~^(F 2 )= f - 

Ptoof : The result is immediate from the proof of Th, 3.12, when the 

terms 'l.f.' and 'paracoiroact ’ are replaced by the teims 'p.f. * and 
'metacompact' respectively, [note that the pre-imapes of p.f. families are 
also p.f.] . 

3.14 Remark ; We now extend similar results to cases when the ranp^e space 

Y is countably compact, comtably paracompact and countably metaconpact 
respectively. In the proof of each of these, we shall be assigning the 
same proximities to the spaces as in Th. 3.12. Hence, the 'necessary' 
part of the proof will follow from Lemma 3.1., while for the 'sufficiency' 
as in Th. 3.12, it will be enough to prove that for each t e "F, the family 
fjCo ) converges to some unique y in Y. 

Theorem : Let X be a T^ -dense sub space of an -space T and let 

Y be a countably compact T^-space. Let £ : X -»• Y be a continuous map 

such that, for each t in T, the family = [A. e P(Y):t€CLpf~^(A")} 

contains a closed countable subset of Y. Then f has a continuous 

extension F : T -► Y iff for disjoint closed sets Fj^, in Y, 

Cl.p r^CPp /^Cl^ ^'^CF2) » t - 

Proof : Let t e T, and consider the family F = {F e : F 

/-m/ z 

closed in Y }. Then clearly, C e F. Also (i) $ F, (ii) A, B closed 

in Y and (A B) e F implies, from (B.2), that either A e F or B e F 

and (iii) A e F, Ac B, B closed in Y, implies that t e Cl f (A ) Cl 

Cl f”^(B~) i.e. B e F. Hence, from Lemma 2.1, there exists a prime 
T 

closed filter P on Y such that C. e P cF. '''e now prove that there 
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exists at least one point in C, such that £ (o^) converges to . 

Suppose not. Then, for every y^ ^ ® there exists an open nbhd. 


^Vn \ consequently, i P either (from 

(B.3)). Also, as (X-N ) y N = X e P, and P is a prime closed filter 

JTi ^ ^ . 

in Y, it folloxvs that, as i P , (X-N ) e P for each y in C . . 


Clearly {X-Ny.^ : y^^ e A = (f . But the countable family 
{X-Ny : y e C }u of closed sets in Y, being a subclass of P , 

has the f.i.p. and consequently, by the countable compactness of Y, 
must have a non-void total intersection (see Engelking [10]) a 
contradiction. Finally, the uniqueness of y^ follows as in Th. 3,12. 

3.16 Theorem ; Let X be a T^-dense subspace of an R^-space T and 
let Y be a countably paraconpact T^-space. If f : X Y is a continuous 
map, and if : 

(E.) : every l.f. open cover G of X is closure-preserving in T, 

and (E 2 ) : for every t e T, there exists a countable closed subset 

of Y such that t e Cl.^. f"^(C^), and t i Cl^ f‘^(Y - C^) , 

then f has a continuous extension F : T Y iff for disjoint closed 

sets F^, F 2 in Y, Cl^ f^(Fp Cl^ = (|l • 

Proof : We first recall that Y is countably paracompact iff every 

countable open cover of Y has a l.f. open refinement which also covers Y 

(see Engelking [10]). Let t e T, and suppose that fj.(a^) does not 

converge to any y in Y, and hence, in particular, to any y in . 

Then, for each y e C , there exists an open nbhd. N of y such that 
n t Yn n 

Ny ^ f_(a^) where f_( 0 ^) = (Ac P(Y) : t e Cl„ f“^(Ar)> . Let 
“n ^ i 1 

M = (Nv : y E C.., an open nbhd. of y , N i fy(o^)> . Then 

/n n t ji yji ^ 
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M u {Y-C^} is a countable open cover of Y, and hence, because of 

countable oaracoFipactness of Y, there exists a l.f. open refinement 

{0 '-a e A} of M {Y-C } which also covers Y. From Prop. 1.26(1), 

as no element of Mu {Y-C} is in f_(o^), 0 i f (o^) •*^or every « 

^ a E 

in A. If {f“^(0^) :« e A}, then, by the continuity of f, it 

follows that G is a l.f. open cover of X, and hence by (E,), G is 

closure-preserving in T. Thus, U CU f“^(0 ) = 01^. L/ f^CO ) = C1™X=T, 

asA ^ ^ aeA “ ^ 

so that there exists at least one a' in A such that t e Clr-f (O’) 

1 a 

i.e. such that 0* e f_(a^), a contradiction. That y^ is unique follows 
a i 

as in Th. 3.12. 

3.17 Theorem : Let X be a Tj-dense subspace of an R^-space T and 

let Y be a countably metacompact Tj-space. If f : X -»■ Y is a 

continuous map and if : 

(Ep : every p.f. open cover of X is closure-preserving in T, and 
(Ep : for every t e T, there exists a countable closed subset 

of Y such that t e Cl.p f^(C^), and t 4 Cl.^ f'^CTcp, 
then f has a continuous extension f : T ->■ Y iff for disjoint closed 
sets Fp F^ in Y, Cl.^. f^(Fp Cl.j.(F 2 ) = <1> . 

Proof : We first recall that a space Y is countably metacompact iff 
every countable open cover of Y has a p.f. open refinement that also 
covers Y. Hence the result follows directly from the proof of Th . 3.16, 
when we replace the terms 'l.f.' and 'countably paracompact ' by the terms 
'p.f.' and ’ countably met acompact ' respectively. 

Finally, we close this chapter by proving a result which generalizes 


Theorem D of Plefko [6] . 
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3.18 Theorem : Let X be dense in a first -countable P -snace T 
o 

and let Y be a T^-space. Then a continuous map f : X Y has a 
continuous extension f : T -»• Y iff for disjoint closed sets 
Y, Cl^ r^CFj) AC1.J. r^CF^) = f . 

Proof : We again assign the LO-proximity 6^ to T and Y and let X 
have the derived subspace proximity Sy from (T,6 ). Then the necessity of 
the condition follows from Lemma 3.1. For the sufficiency, as in the 
previous theorems, it is enough to prove that, for each t £ T, f (p^) 
converges to a unique y^ in T. Let t e T. Then as X is dense in 
T and as T is first countable, there exists a sequence ^ x^ '^in X 
which converges to t in T. We will now show that the corresponding 
sequence <^f(x^)'^ converges to some point y^ of Y. If <^fCx^j^ is 
the constant sequence, then the result follov/s trivially by setting 
= If <^f(x„)> is not a constant sequence, and if it also 

does not converge to some point y^ of Y, then we can select a 
subsequence <^^f(Xjj of \f(x^)^ such that all its elements are 

distinct . 

Let F^ = 

^2 ^ ' 

As <f(x^)> is not convergent, F^, F 2 are closed in Y, and since 
Fi /'t F 2 = (|) , we must have that Cl.p f^(Fj^) r\ Cl.^, f~^ (F 2 ) = f which is 
a contradiction as x^^^ converging to t implies that 
t e Cl.p f"^(Fj) ^Cl^ f^(F 2 ). Hence, \f(x^))> converges to some point 
in Y , which means that the sequence is enventually in 
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for every nbhd. N of in Y. Combining this with the 

yt 

result that converges to t in T, we get that, for every nbhd. 

N^, N ^ of t, y^ in T and Y respectively, the net is eventually in 

N^nf^CN ) and hence t c Cl f'^fN ), i.e. N e f_(a^). Therefore 

t Y t ^ ^ r 

fj.(a ) converges to y . The proof for the uniqueness of y^ is as in 

Th. 3.12. 
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CHAPTER 4 

WALLMAN COMPACTIFICATIONS 

We begin the present chapter by showing that to every Wallinan type 
compactification of a topological space X, there corresponds a Smirnov- 
type compactification of X. In particular, if ^ is a normal [separating] 
base on a Tychonoff [Tj^-]space X, then we will orove that X induces a 
natural EF-[LO-] proximity SCX) on X and that the Wallman compacti- 
fication WCX.X) is, in fact, homeomorphic to the family of all clusters 
[bunches generated by oC -ultrafilter] over (X,6(X)) with the A-topolopy 
We will also obtain a necessary and sufficient condition for a 
Hausdorff compactification of a Tychonoff space to be Hallman, and show 
that our result includes those of Banashewski [5], Alo and Shapiro [1] , 

O 

Njastad [27], and Steiner [35], In the final section, we will apply the 
results of chapter 2 to obtain the extension theorem of Ponomarev which 
states that every continuous map f ; X -<■ Y, X, y being T^^ spaces, has 
a continuous extension wf : wX wY, where wX, wY are the Wallman 
compactifications of X and Y respectively. 

4.1 Lemma : If ^ is a separating base on a T^-space (X,t], then 
5 = 6CX) defined by : 

A )l! B iff there exist L^, Lg in 5^ such that 
Ac: L^, Lg and .O Lg = (jl, 

X 

is a compatible separated LO-proximity on X. Further, if is a 
normal base, theP dCX) is a separated EF-proxinity on X. 

Proof : LetX^ be a separating base on a T^, -space X ,and 6 = 6(X) be 

defined as above. Then ; 
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(i) A 5 B implies B 6 A is self-evident, i.e. (P.l) holds. 

(ii) A ^ C, B C implies thpre exist L^, L^, Lj^, in ^ such that 

Ac L^, B <r Lg, C ^ a and A f = Lg Hence, (A u B) c 

^A ^ ^ (L^ u Lg) /I ( L|1 Ov L^) = ^ . Since ^ is a 

ring, this irjplies that (A U B) Conversely, (A ^ B) C Imnlies there 

exist g, in ^ such that A,B c: A v/ B crL^ and 

^AuB ~ ^ A i< C, B /{ Cjthus verifying (P.2]. 

(iii) If A e P(X), then AC X, (f C (|) , and X n (^ = (|) . Also, by Remark 

1,32(2), X, e ^ Hence A id ^ , i.e. (P.3) holds. 

(iv) (P.4) is obvious from the definition of 6 . 

(v) To check (P.5), we note that x 5 y implies that if x e L , y e L , 

L^, L in ^ , then L AL j* (b. As ^ is a base for closed sets, this 

in turn implies that x n y and as X is we get x = y. 

(vi) If C e P(X) and such that Cc L^, then, b 5 C for each 

b in B implies b c for each b in B, i.e. Be L^. But since 
A 6 B, A c: L , L in implies that L A b,, t • Hence A 5 C, so 

A A AC 

(P.6') holds. Hence 6 is a separated LO-proximity on (X,t). To show 

that T = t( 6), we observe that x 5 A iff x e e^, A c c^ implies 

r\ L^ ?£ $ iff xrt jf f iff X e for each A , iff x e A" 

(where " is the t - closure). Finally, if ^ is a normal base, then, in view 
of Remark 1.32(1), in order to show that 6(^0 is a separated EF-proximity , 
we need only check the axiom (P.6). Now, A / B implies there exist L^, 
in ^ such that A c: L^, B c Lg and A = (|) . From the normality cond- 

ition (N) of ck. , there exist L’, L' in ^ such that L X-L' , 

A ■ g A A 

L <c X-LI and L’ ^ L ' = X. Clearly, A t L’ B / L' . Thus, the axiom 

B B A » A g 

(P.6) is satisfied. 
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4.2 Remark ; note here that the normal base is an EF-nroximity 

base for 6 = 5(^) in the sense of Njastad [27]. ’ 

In the subsequent work, the following Lenana will be very useful . 

• I^ X is a Tj^-space and 5^ a separating base on X , then, 
for(S c WCX,1), (S is closed in the w-topology iff Q> = CIC®) as 
defined in 2.4 . 

Proof : Since the VJ-closure of ( 2 ) is given by © =<0 {L* :Qc:L*,L } 

(see Def. 1.35),^ e(g) iff F e L* for each L* containing ^ iff 
L e F whenever (JScr L* iff L e F whenever L absorbs <3 iff 

/>v/ 

FeC1((2,]. 

4.4 Theorem : Let (X,t) be a T^-space and a separating base on X. 

Then the Vfallman corapactification of X is homeomorphic to the 

space of all bunches generated by -ultrafilters over CX,5(^)) with the 
A-topology. 

Proof ; Let be the -Pamily of all bunches over (X,6CX)) and let 

Zcrl^ be the family of all bunches which are generated by -ultrafilters 
on X. (see Prop. 1.28). Let ? : WC^it) be a map defined by 

CCF) = b(P), the bunch generated by in w(<^). Then, clearly 

Z is well-defined and onto Z. Also, F, ^ e i»('^ ) means b |T) ^b (G) 

and hence 5 is also one-to-one. To show that C is a homeomorphism , we 
need only prove that it is also continuous and closed. But this follows 
from the fact that X- ^ ^ ^ ^closed subset of WC-^)) iff every E in X 
which absorbs ^ is in F( see Lemma 4.3) iff every E e P(X) which 
absorbs b(db) is in bCF) iff b(F) e CCcgj ) - 

•ms/ 

4.5 Lemma : Let ^ be a separating base on a Tj-space X, and let 6 = 5CJgt) 
be the corresponding LO-proximity on X(see Leirana. 4/1) . If ^ is an 
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^ -ultrafilter on X, then 0(F) = {A e P(X) : A 5 F for every F in F > 
is a cluster over (X,6) , (called the cluster generated by F ) 

AjB € crCF), A E iinplies there exist L. , Lp in ^ such 
that A<C B cr.Lp ^ ^ A 6 F for every F in F 

implies, by Pro^. 1.14, that { F for each F in F, i.e. n F ^ f 
for each F in F, and hence, as F is an^ -ultrafilter, L. e f • 
Similarly, which means that A Lp ^ (f , a contradiction. So 

(B.l) holds for 0(F) . 




(ii) A if oCF), B i aCF) implies there exist F, ,F- in F such that 

/"Vm*- /V JL Z r\^ 

A /« Fj^, B F2 ^implies there exist L^, Lg, Lp , Lp in such that 


(A B) U Lg, F^ A F2 O Lp A Lp and (L^ u Lg) a (Lp A Lp ) = f , 

12 12 


and as ^ is a ring, it follows that (A ^ B) ^ (F, n F-) . But F is 
an 


ultrafilter and hence F. r\ F^ e F ,so that (A ^ B) i oCF). Conversely, 


(A W &) i- 0(F) implies there exists an F in F such that (A t/B) jS F 




and hence, by (P.2), A F, B ^ F, i.e. A i 0(F) and B i o(F) , thus 


verifying (B.2). 

(iii) E 6 A for every A e o(F) implies % 5 ? for every F in F 

.'X/ 

implies E e o(F) and so (B.3') follovjs. 

4.6 Lemma : Let X be a normal base on X s'nd let 6 = 6(^). If F 
is a prime ^-filter on X, then o^) = (A e P(X) ; A 6 F for each F 
in F } is a cluster over (X, 6). Conversely, given a cluster 0 over 
(X,3), there exists a unique ^ -ultrafilter 0 on X which generates 


or , 
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Proof : As 
check CB.l), 


CB.2), (B.3) follovs exactly as in Lemma 4.5, we need only 
i.e. A,S in o(F) iisplies A 5 B. STJonose not. Then there 


•exist L^, Lg in ^ such that A <rL^,-B<=Lg and 0 Lg = f . As 

^ is normal, from condition (N), there exist L' L’ in ^ such that 

A 8 ^ 

^ • Clearly, A i and hence 

L’ i F . Similarly, LW F , which imolies that L* u LW F (since F is 

prime), a contradiction. Thus o(F) is a cluster. Conversely, if <3 is 

«v> 

a cluster over (X, 5 ) , then, as the conditions of Lemma 2.1 are trivially 
satisfied, there exists a prime ^-filter Foo. Clearly, Fcro croCF), 


and hence 0 = o(F). If G is the unique ^ -ultrafilter containing F, 
then oCF)^o(G) so that oCF) = 0 (G). Finally, as L, , L. e (.anti 
Lj^AL^j*^ ,^=aA^ and hence the uniaueness of (a n^) follows. 

4.7 Theorem : Let X be a Tychonoff space and ^ a normal base on X. 

If 6 = 6 ('^) then the Wallm.an conpacti-'^ication V?(^) of X is 
homeomorphic to the 6 -Smimov compactification X. 

Proof : As proved in Th. 4.4, if i denotes the family of all bunches 

over CX, 6 ) which are generated by ^ -ultrafilters, then 5 : WC^) E 
defined by, for F e W(^), ^(F) = bfF) is a homeom.orphism onto E . Also, 
as (X,5) is an EF-space (Lemma 4.1), by Th. 2.13, the map 6 = ej^:(E,Tjj^) 
piven by 6 (b(F)) = o„, the uniaue cluster containing b(F), is continuous. 

A/ “ ' 

But from Lemma 4,6 and the fact that F crb(F) <^ Oq, it is clear that 
Ur, = oCF). Hence, b(F) # b(G) iinplies 0 (F) ^ 0 (G), i.e, 6 is one-to- 
one* Finally, by making use of Lemma 4,6 once again, ¥je note that 8 

is also onto X. Hence, the map 0 o C- W(^) X too is continuous, one- 

to-one and onto X. Since V>('^) is compact and 'X is Hausdorff, it 

. 

follows that 6 o 5 is a homeomorphism (Bourbaki [7]). 
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s^e now use the above theorem, in conjunction with a fevr well-hnora 
properties of EF-spaces, to obtain simpler nroofs of some of the recent 
results in Hallman compactifications . We will first recall the followinp 
definition : 

4.8 Definition : (Steinep’and Steiner [32]) Let be two normal 

bases on X. Then ^ is said to separate -f ’ iff L^, in , 

^ ^2 ~ ^ ’ implies that there exist in such that <3 

L^ czL^ ajid L^r\L^ = ^ . 

4.9 Remark : It is clear that ^ separates iff 6 (^')< 

Also, we recall that for EF-spaces, there exists one-to-one order 
isomorphism between the EF-proximities on X and the corresponding 
Smirnov compactifications of X (see Smirnov [31]). 

4.10 Theorem : (Steiner and Steiner [32]). If are tvro normal 

bases on X. Then W('^’) iff separates . 

Proof : In view of Th. 4,7 , W(^') f^w(^) iff the 5 ( '^' ) -Smirnov 

compactification of X 6 C^) -Smirnov compact if ication of X if-P 
(from Remark 4.9) iff ^ separates 

4.11 Corollary : (Steiner [35]). W(' 5 ( ) is equivalent to W’('^') iff ^ 

and noitually separate each other. 

We will now obtain a necessary and sufficient condition for a 
Hausdorff compactification of X to be Wallman, a motivation for which is 
provided by the known behaviour of the closures in of members of ^ 

(Prop. 1.48). 

4.12 Theorem : A necessary and sufficient condition for a Hausdorff corpa- 
ctification Y of X to be Wallman is that X has a normal base pC such 


that : 
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(i) ^ ClyCLp , L^, L^-in 

and (ii) for y^, y^ e Y, y^ y^, there exist L in ^ such that 

e C1(L ), i = 1,2 and L ^ L = f . 

i a ^2 

Proof : As the necessity is obvious from Proo. 1.48, we need nrove only 
the sufficiency. Since Y is compact Hausdorff, it has the unique 
compatible EF-proximity 6^. Clearly, this induces a subspace EF-oroximity 
6 on X. Prom condition (i) , it follows that 6v > dCdt), and hence 

Y ^ . But this means that there is a continuous function f from Y 

onto W(^) which is the unique extension of the identity map on X. As 

Y is compact and Wf^) is Hausdorff, to show that f is a homeomomhisr 
it is enouph to show that £ is one-to-one. Let y^, y 2 e y, y^ / y-,. 

Then, from (ii) , there exist in ^ such that y. e ClyCL.), i = 1,2 

and = ^ . As f is continuous, it follows that f (y^) e (L^) , 

i = 1,2 where Lj^ = l|). But Cl^^^^^CL.) = { F e W(3C) : L. e 

(see 1.35), Hence, e f(y^), i = 1,2. This clearly means that, as 

Lf r\h^ = f , f(yj) ^ -( 72 ^ ^ one-to-one. 

As mentioned earlier, the above Th. 4,12 includes a number of 

already known results, which we shall now state as corollaries to Th.4.12. 

4.13 Corollary : (Banashevrski [5]). A Hausdorff compact ificat ion Y of 
a Tychonoff space X is Hallman iff X has a normal base such that 

(i) C 1 ^(L^.a L 2 ) = Cl,^(Lp ohC 1 y(L 2 ), for Lj, L^ M ^ 

(ii') {Cly (L) - L eX) is a base for closed sets in )f. 

Proof : In view of Th. 4,12, we need only prove that (ii') implies the 

condition (ii) of Th. 4.12 (since the necessary part is obvious from 
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Prop. 1.48 (a) and (b)). Let (ii') hold and suDBose y, ,y^. e y, / 

• 1 ■ z. 1 ■ ^ 2 , 

As Y is Hausdorff, there exist disjoint onen nbhds. . F of y .y 

1’ 2 -^1’ 2 

respectively. From (ii'), for each y in Y-{y^}, there exist an L 
in ^ such that y e (Y-Cl^CL^)) ^ Y-{y^} . As (Y-Nj) is a comoact 
subset of Y there exist finitely many indicies i such that 
n n 

(Y - Nj) y (Y-Cly(Ly_)) = Y - Cl^CL ) ct Y -{y^} . But From (i) , 
i=l i»i ^i 

n n n ^ 

^ ^ ~ ^^y ^ ^ because ^ is a 

i=l i ^ i=l ^i ^ i=l Y'i 

ring, e Thus, y^ e Cl^(L^) Similarly, there exists an in 

^ such that y^ e Cl^CLp^iy and as aN^ = t , (ii) Follows. 

4.14 Corollary ; (Alo and Shapiro [1]). A Hausdorff compactification 
Y of a Tychonoff space X is Wallman iff 

(i) ClyCL^^ Lp = Cl^CLp ACyCLp, for L^, in ^ 

(ii”) For each y e Y and for each nbhd. N of y , there exists 

an L in ^ such that y e Cl^(L) cN. 

Proof : As before, we need only show that (ii") implies (ii) of Th.4.12. 

But this is immediate from the fact that Y is Fausdorff and hence every 
pair of distinct points have disjoint nbhds. in Y. 

4.15 Corollary ; (Njastad [27]). A Hausdorff compactification Y of 
a Tychonoff space X is Wallman iff the corresponding proximity has a 
productive base of closed sets. 

Proof : Alo and Shapiro [1] have proved that if Y is a Hausdorff 
compactification of X and if the corresponding proximity has a productive 
base of closed sets, then condition (ii") of Corollary 4.14 holds, and 
hence, as proved in the above mentioned Corollary, condition (ii) of 
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of Th. 4.12 also holds. The converse is obvious fror? ReiaarV 4.2. 

« 

In obtaining the last corollary to Th. 4.12, we shall ijialce use of 
the following definition.. 

A 

4.16 Definition ; A family ^ of closed sets in a.tonological space 

Y has the trace property w.r.t , a subspace X iff { A D. : L. cjf}/ f 

_ i=i 1 1 


n A 

iii 5 )lies that (L. A X) 5 ^ | . 

i=l ^ 


4.17 Corollary : (Steiner [35]). A Hausdorff conpactification Y of 

A 

X is Wallman iff Y has a normal base X. with t^e trace property w.r.t. 


X. 

Proof : Necessity follows from Prop. 1.48 (a) and (e) , by setting 

A 

^ = {C1y(L) ; L cX) . To prove the sufficiency, we must prove that if Y 

has such an ^ then X has a normal base ^ which satisfies (i) and (ii) 

-A 

of Th. 4.12. Let ^ = Zax = {L-lL = LAX, L e^}. '’-e now show that X 

is a normal base on X. 

/A 

(1) xeU, U = VaX, V open in Y, and "X is a base for closed sets in 

A A A 

y ir^plies that there exists an L in ^ such tha,t x £(Y-L)<^V 

A - 

and hence x e (X-CL A^)) U, i.e. is a base for closed sets 

in X. 

A 

(2) X F, F = K/IXj K closed in X, and X is separating implies that 

A A A 

there exists an L in 3 ! such that x e L cr (Y-K) and hence 

X e (L /> X) CP X-F, i.e. is separating. 

A ^ 

(3) 1L , l 1 in "3^ , L AL- = f) and ^ has the trace property w .r.«t. 

Jl Z X / A.. 

A A*' "wP 

X implies that L. o C * f • Prom normality condition (N) o^ cA , 

A ^ ^ A A 

there exist L! , L’ in 'X such that L. <^Y-LI , i = 1,2 and 
1 2 ^ ■ 1 
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L’ u L' = Y, Consequently, L c:X-L!, i = 1,2 and L> UL» = X . 

X z. 11 12 

^ a normal base on X. Finally^ since Cl^(L) = L for each 
L in ^ , conditions (i) and (ii) are trivially satisfied by ^ (as S- 
is a normal base on Y) . 

4.18 Remark : As is well-knoi^m (see Gillman and Jerison 112]), i^ L is 

a closed nltrafilter on X and if f : X Y is a continuous map, then 

the family f^(L) = {E e P(Y) : E closed in Y, f'“^(E} £ L} is a prime 

closed filter on Y. ^'^e will nov/ prove a stronf^er result. 

Lemma : If X,Y are topoloyical space and f: X -► Y is a conti- 

nuous and closed map , then for a closed ultrafilter L on X, d(L) (as 

defined in Remark 4.18) is a closed ultrafilter on Y. 

Proof ; Because of Remark 4.18, we need only show that dCL) is 

maximal, first note that f(L) = {f(L) : L e L) od(L). This is so 

because fCL) is closed in Y and Lc:l f"^(f(L)) for each L in L . 

# 

To prove that f (L) is maximal, we must show that if E is closed in v 
and E /\ M for each M in f* (L) , then E e f ^ (L) . Rut F o M 

for each M in d(L) and f(L)<:r; f^(L) implies that E A f (E) ^ f for 
each L in L and hence f”^(E) j* $ for each L in L. Since L 

/A/ 

1 # 
is maximal, f-'-CE) e L and consequently E e f (L) . 

4.20 Remark : We note here that if X is a T^-space and is a 

separating ^of all closed sets in X, then 6^ = 6 C^) - This follows 

from the fact that A B implies A B = ^ and as A ,B e this 

means that A i^C«C) B . The converse is true in view of Th- 1.16. Hence, 

if wX denotes the corresnonding Wallraan compactification of X, then 

from Th. 4.4, wX is homeoraorphic to X , the space of all bunches 

generated by closed ultrafilters over (X,6^) with the A-topology. 
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4.21 Theorem ; (Ponomarev [30]). Let X,y be T^-spaces, and let 
f : X Y be a continuous and closed map. Then f has a continuous 
extension wf : wX wY. Further, if f is onto, then so is wf , 

Proof : Let X,Y have the separated LO-proximity 6 q. Then, by Pro'D-1.20, 
£ is p-continuous , and so, by Th.. 2.21 f has a continuous extension 


fj. : wX -»■ Ey (note that X^ is homeomorDhic to wX as in Pemarh 4.20). 
Also, fy (b(L)) = b(f^(L)) for every closed ultrafilter L on X. This 
follows as f-(b(L)) = {E e P(Y) ; f^(E) c b(L)}={E e P(Y) ; f^(E) e L) 

h ^ ^ 

= {E e P(Y) : E e f^(L)} = b(f^(L)). Hence, by Lemma 4.19 and Proi3.1.28, 
f (b(L)) e wY., i.e. f ; wX ^ wY. Finally, if f is onto, and if b(L’) 


olo^zcl 


is a bunch generated by a., ultrafilter I.' on Y, then {f~^(L') : L' e L*} 


is a closed filter base on X and is hence contained in a closed ultra- 


filter L on X. Clearly {f(f"^(L')): h’ e L4 cr{f(L) ; L e L} and 
as f is closed and L’ is maximal, L' = f(L). '^hus , f_(b(y) = b(IH), 
i.e., fj. is onto. Setting wf = fj- , we get the desired result. 
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CHAPTER 5 

WALLMAN REALCO>?PACTIFICATIONS 

In the previous chapter, we studied soir’e protserties of coBipact spaces 
and Wallman compactifications . The purpose of the present chapter is to 
obtain analogous results for realcoi^pact spaces and ■‘^allman realcompactifi- 
cations. Thus, we will be providing alternate proofs to some hnown 
extension results concerned with realcomoact spaces, e.g, to the result of 
Gillman and Jerison which states that if X,y are Tychonoff, then every 
continuous map f ; X ->■ Y can be extended continuously to f^ ; vX -v vY. 

We will also obtain a concrete realization of the Fewitt realcompactifica- 
tion vX of a Tychonoff space X as the space of all clusters over O' j5p) 
generated by real Z-ultrafilters with the A-topology. A major portion of 
this chapter, however, will be devoted to the study of the space tiC3C)j 
corresponding to a c.p. normal base X will prove that a 

necessary and sufficient condition for n(,^) to be realcoinpact is that 

OO 00 _ 

Cl (L ) = Cl L ), [where X' denotes the 0-closure of X in 

n=l ” xQ n=l ^ 

W(X) and {L^} is a sequence in ^ ] and also show that this result is an 
improvement over the sufficiency condition of Steiner and Steiner [34]. 
Further, we will show that n(^) is, in fact, homeomorphic to vX iff 

00 00 

Cl^C/h^ F ) = /] Cl^CF ), where (i) T = nC^), F e ZCX) and (ii) T = vX , 

. n-1 " n=l ^ 

F E^f. Finally, we will obtain some necessary and sufficient conditions 

jj o- • - » 

for an ^ *-realcompactification Y of a Tychonoff space X to be 
homeomorphic to - Results in this direction will be motiM^ed by the 
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known results for Wallman coinpactifications such as those of Banashewski 
[5], Njastad [27] and Steiner [35] mentioned in chapter 4. 

We begin this chapter by showing that a result of Blefko [6] and 
Engelking [9] follows easily by our results of Chapter 2. For this, we 
shall require the following result of Gillman and Jerison [12]. 

5.1 Lemma : A Tychonoff space X is realcoi^act iff every real prime 
Z-filter in X converges. 

5.2 The Theorem of Blefko, Engelking : Let X be a T^ -dense subspace of 
R^-space T and let Y be a Tychonoff realcompact space. Then a 

continuous map f : X -> Y has a continuous extension T : T Y iff for 

m 

every sequence {F^} of closed subsets of Y, r\ F = f imnlies that 

n=l ^ 

O Cl,j. f^F^) = ^ . 
n=l 

Proof : To show the sufficiency, let T,Y be assigned the separated LO- 

proximity 6 and a compatible separated EF-nroximity 6 resnectively . 
o 

Let X have the derived subspace proximity 5y from CT,i5^j). Then, in 
view of Prop. 1.20, the given condition implies that f is n-continuous , 
and hence, by Th. 3.4, f has a continuous extension f : T 
of Th. 2.16, in order to show that the extension of f is into Y, it is 
enough to prove that for each t e T, fj-C^^) converges to some unique 
y^ in Y. For this, we first observe that the family ^ of zero-sets in 
fj.(a^) has the c.i.p., for if not, then there exists a sequence {Z^} of 

oo 

zero -sets in f- such that A Z- = ^ . and hence, by hypothesis, 

^ n=l 

r\ Cl f“^CZ ) = f , a contradiction since t e A Cl^ f" (Z^) . Next , we 
n=l " 11=1 
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note that ^ obviously satisfies the conditions of Lema 2.1, and hence, 
given a Zp £ F, there exists a orime Z-filter P snch that: Z e P^- F 

^ Jj so does . From Lema 5.1, since Y is real- 

compact, _P converges to some point in Y. Uniqueness of y^’ follows 
exactly as in LTA/3.a. For the necessity of the given condition, we 
provide a proof which is essentially the same as that ?iven by Plefko [6] . 

Let f : T -»• Y be the continuous extension of f and let {F } be a 

oo 

sequence of closed sets in Y such that r\ {F^}= ^ . If possible, let 

11=1 

00 

Po ^ Po> ^■^*-y -'Q 

to 

= f"^( /"h F ) = ^ , a contradiction. 
n=l ^ 

5.3 Proposition : If X is a Tychonoff snace having the compatible 
EF-proximity 6 = 6_ and if F is a orime Z-filter in X, then ofF) = 

{A e PCX). : A 6 F for each F in F} is a cluster over (X,6_) . 

Proof : The result is immediate from Lemma 4.6 and the fact that if 

= Z, then 6p » SCX). To check the latter statement, as •‘^ror Th. 1.16 
6p > 6(3f), we need only show that > 6p i.e. we must shov? that 

A B implies A |(^) B. But this is obvious from Prof. 1.38 (ii) . '-’ence 
6p = 5C^).y Using the above Proposition, we will now obtain a concrete 
realization of the Fewitt realcompactification vX of a snace X. 

5.4 Theorem : Let X be a Tychonoff snace and let it be assigned the 

EF-proximity 6p. Then the Hewitt realcomnactificat ion of X is the 

space of all clusters over (X,5p) generated by the real Z-ultxaf liters in X, 
the space being assigned the A-topology t^. 
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^ the space of all clusters over (X,6 ) generated by the 
real Z-ultrafilters in X • with the A-tonology t.. To prove that X 
is the Hewitt realcon^actification of X, because. of Th. 1.44, it is 
sufficient to show that if Y is a realcoiupact space, then every 
continuous map f : X ->• Y can be continuously extended to f : X Y. 

Let Y be assigned any compatible EF-proximity Then, by Pron. 1.19, 

£ is p-continuous and hence, from Th. 2.11 f has a continuous extension 
^ ^ ^Y * show that the extension is into Y, as before, we 
need only prove that £^Ce) converges to some unique y^ in Y for each 

A 

o in X. Let a e X, i.e, o = a(L3 for some real 2-ultrafilter L in X, 

Then f^(L) < 1 : fy(o) [where f^CL) is as defined in Pemark 4.18], This 

follows from the fact that A e f^(L) implies f~^(A) e L implies f~^CA) 

# 

e a(L] implies A e f_(a). Also, f (L) is a prime Z-filter in YCsee 

Li 

# 

Remark 4.18) and as L is real, so is f (L) . Applying Lemma 5.1 , as Y 

# rr 

is realcompact, f (L) converges to some point y in v and hence fyCo) 
converges to , The proof for the uniqueness of y'^ is the same as in 
Th. 3.12 for the uniqueness of y^. 

The above Th. 5.4 provides an easy proof of a result due to Gillman 


and Jerison quoted in McDowell [21] . But first we note that from (i) (3) 

page 94 and (ii) 8F page 126, of Gillman and Jerison [12] , it follows that : 

5.5 Lemma : If X is dense in a realcompact space T, then every real 
prime Z-filter in X converges in T. 

5.6 Theorem : Every continuous function f from a Tychonoff space X 

to a Tychonoff space Y can be continuously extended to f^ : vX -»■ vY. 

Proof ; Let X,Y each be assigned the separated EF-proximity 6p. Then, as 
in Th. 5.4, if oe vX, the family fj.C<7), (which, by ^. 2.11, is a bunch over 
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CY,6p)), contains a real prime 2-filtsr in Y. Hence by Lemma 5.5, f^ia) 
converges to some in vY, and by a reasoning similar to that of Th. 

3.12, y is unique. Let 0^^ : f^(vX) -*■ vY be defined by 
= y*^, the limit of f (a) in vY . Then for f (c) e vX, A ovX 

i > implies there exist disjoint closed nbhds. 

^'1' ^^2 respectively (because vY is T^) . 

Clearly, M n X absorbs A but does not belonm to f^(a), i.e. f^(a) i A. 
Hence 8^^ ^ continuous map. Setting f^ =6^.^ « , the result 

follows . 

We will now shift our attention to the study of some general nrooert- 
ies of a normal base ^ on & space X. 'lost of these have been proved 
to hold in the particular case when ^ = Z. (see Gillman and Jerison [12]}. 
5.7 Proposition : If ^ is a normal base on a Tychonoff space X then 

the follovjing hold : 

(a) Given a nbhd. U of x in X, there exists a nbhd. L e"^ of x such 
that L criJ. 

(b) An -filter F converges to a point p in X ifF F contains all 
X -nbhds . of p . 

(c) If p e X is a cluster point of an ^-filtor f on X, then there 
exists an ^ -ultrafilter U which contains F and converges to p. 

(d) If F is a prime ^-filter on X, then the following are equivalent : 

' ' 

(i} p is a cluster point of F 

(ii) ^ converges to p 

(iii) {p} = OKF ; F e F} . 

/-V-- 

Hcnc© 6VCTy pTiinc li3.s sX imos’t on6 cliisti6T points* 



53 


Ce) For p e X, define = {L p e L} . Then : 

(i) p is a cluster point of an ^-filter F iff F^A . 

^ P 

is the unique ^ -ult-rafi Iter converpinp to p. 

(iii) Distinct ^ -ultrafilters cannot have a cownon cluster point 


Proof : (a) U be a nbhd. of x in X. Then , as ^ 


IS a separatin^T 


base, there exist L^, in X such that x e h^<2yi-'L2^ P- Obviously 
^1'^ S ~ ’ and hence, from condition (M) , there exist L|, in 

such that X-L^, L^^X-L'^ and L' uL' = X. Thus, x e X-L’ 

cH 1^2 ^^”^2 ^ that is the required nbhd. of x which is 

contained in U. 

(li) Immediate frofii (a) . 

(c) Let K be. the ^-filter of all ^-nbhds. of p. (That N is non- 
void is clear from the fact that X e Then F u N has the f.i.p. and 
is hence embeddible in an ^-ultrafilter U. By (b) , U converges to p. 


(d) As (ii) (iii) (i) always, we have only to show that (i) 
implies (ii) . Let L^ be' any ^-nbhd. of p. Since ^ is a base for 
closed sets, there is an in ^ such that p e (X-L^) C. Lj . Again, 
since L, w L^ = X e F, either L, e F or L„ e F (because F is 
prime). But p is a cluster point of F and hence L- ^ F . So L,e F. 
Applying (b) , F converges to p. 

(e) (i) follows easily from the fact that p is a cluster point of JF 
iff p belong to every member of 

(ii) That A is a ^ -filter is obvious. To see that it is an X -ultra- 
P , , .# 

filter, we note that L e^ L A^ imolies, bv the disjunctive property 

of X i that there is an L^ in X such that p e L^^^ X-L^ . 


Thus 
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4 ^ ^2 ^ ^1 “ t • % is an X -ultrafilter. Uniaueness 

of A follows from fil . 

P 


(iii) This is also immediate from (i) 


P-®”^ark : For the remainder of this 
identify X v?ith w(X) , where w 

(see Remark 1.35). 


section, we will frequently 
: X ^ is the •<»fallman man. 


5.9 Lemma : Let be a noimal base on a Tychonoff space X, and let 

X<cTc-WC^). Then : 

Ci) Every point of T is the limit of a unique X-ultrafilter on X. 

(ii) The family - {Cl^(L) r L is a base for closed sets in T. 

(iii) Cl^(L) A X = L for each L in ^ . 

(iv) L^, L^ eX, Lj ^ L^ = f implies Cl.j,(L^) rvCl^ap = f . 

(v) If p e Cl.p(Lj^) for some L^ in X then there exists an ^ - 

ultrafilter which contains L^ and converges to p. 

(vi) Cl.j,(Lj r\ L^) = Cl.j,(Lj) r\Cl^(L. 2 ). 

Proof ; (i) Evident as T c:'KcC) • 

(ii) Let 1! be an open nbhd. of p in T and suppose U = 'IT, 

V be open in WCX) • Then by Alo and Shaniro’s results 
(see 1.48(b)) there exists an L' in X that 

p e (W(^) - Since C1.^(L)CC1^^^^(L) for 

each L in X, > imnlies that p e T - Cl^(L')<c; t?. 

Hence (ii) holds . 

(iii) From 1.48(e), /I X = L for each L in ^ . As 

Tc: W(^) weget C 1 ^(L)AXC X = L. Since the 

reverse inclusion is obvious, (iii) follows. 
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(iv) Lj a ^2 ^ ^ ^ ^ 1.48Ca)) 

implies that Cl^(Lp n Cl^ap = (|) as T<:rWC^ ). 

(v) Let N he the ^^^-filter o^ all ^^-nbhds .' of p. Let G 

be the trace of N on X. Then, as X is dense in T and 

Cl^(L) r\X = L for each L in it follows that G is 

an ^-filter base on X. Since p e Cl^(L^) , usin? (iv) 

we pet that G vj {L } has the f.i.D. . Therefore there is 

o 

an ^ -ultrafilter U which contains G; u{L } and consequen- 

o 

tly converges to n. 

(vi) As Cl^(Lj A L^) cT: Cl^(Lj^) Cl^CL^) ,we need nrove only the 
reverse inclusion. Let n e Cl.j,(L^) r\ Cl^CL^) . Then, :^roin 

(v) , there exist ^ -ultrafilters F,, F„ which contain 

1. z 

Lj^, L^ respectively and which converge to p. fut -Proi" (i) , 

p is the limit of a unique X-ultra:^ilter U on X. Fence 

F = F = U . Therefore L, , L. e U which mieans L A L. e 0. 
A/1 A/2 A/ . 12 -A^ 1 2 

and as U converges to p, this in turn imn lies that 

P E ClrpCLj^ f^L^) . 

Lemma : Let X be a dense subspace of a TycbonofF space Y, and let 

'3^ be a normal base on X. If (i) {ClyCL) : L e^} is a base for closed sets 

in y and if for y^, y 2 e T, y^ ^ there exist L^^, L^ in 
satisfying y^ e Cl^CL^) , i = 1,2, and L^ a L 2 " f (i’) 

Cl (L ) = Cl ( /^ L.), L. e'^'then Y is homeomorphic to a subsuace of 

w(3C). 

Proof ; For each y e Y, define = (L eX- Y e 
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(a) ( 1 ^ \ (b) Lj, implies ye €1^(1^) A Cl^CLp 

= CIyCL^A L2)(froin (ii)) and hence ^ e^^. (c) L^CT e^, 

implies y e CIyCLj)^^ hence e P^. Pinally 

(d) eX> bj u L^ ejy means y e Cl^Cb^ UCl^CL^ and hence 

either b, e P or b~ e P . Thus P is a prime X -filter on X. 

i rsfy z, 


Let U e W(X) be the unique "X -ultrafilter containing ^ . Define 

c\ty ^ Aw/y 

£ : Y -»- W(X) by f(y) = U , for y in Y. Then £ is clearly well- 

. ' 

defined. Also, if y , y- e Y, y ^ y^, then from (i) , there exist L 

in ^ such that y^ e ClyCb^), i = 1,2 and a b^ = f . Put this 

implies that ^ JJ i.e. f is one-to-one. Let y e Y, A e P(Y), 

and f(y) i f (A) , then there exists an Lj^ in X such that L^ absorbs 

f(A), bj fCy)- 'Phis means that AcClyCL^) and y i Cl,^(Lj^) and so 

y A. Hence f is continuous. To see that f is closed, suupose 

U e ffX) C\ f (a) . Then every L which absorbs f(A) also belongs to 
.^y 

u , i.e. ye Cl„(b) for each L e^ such that A <c Cl (L) . If y ^ A , 
^-vy ’ Y • i 

then, from (i) , there exists an b^ in X. such that 
y e Y - Cl (L Y - a”. Consequelty A cTClyCL^) and y i ClyCL^), 
a contradiction. Hence f is closed, showing that Y is homeomorphic 

to f(x)<ryj(X)- 

5.11 Propositinn : bet X be a countably nroductive (or c.p.) normal 

base on X and let XcTTcWC^) . Then the following are eauivalent 


(i) A L, 


n«l 


B 


implies A f^lT^V = A 
n=i 


til) A Cl CL ) - Cl C V- . n c W 

n-1 ^ 
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(iii) Every point of T is the limit of a uniaue real 
^ -ultrafilter on X. 

(iv) X ccT<:rn(3e). 

(iii) (iv) is obvious by the definition of nCdC) 
(see Def. 1.46). That (ii) (i) is also self-evident. 

To show that (i) (iii) : From 5.9Ci), every t e T is the 

limit of a unique ^ -ultrafilter F on X. To see that F is real let 
^ sequence in F. Tlien F converges to t implies that 

00 

t e O, Cl (L^) and hence from (i) ^ L # (|) . (iii) (ii) : since 
n=l n=l ^ 


Cl.^( ) c:: ^ ^^T^V is always true, we need check only the reverse 

n«l B=1 


inclusion. Let p e Cl^CL ). From 5.9 (v) , ^or each n elM there 

in 


exists an^ -ultrafilter F which contains L and converges to d. 

~n n ' f 

From (iii) , F * F for each n e(Nl, where F is the unique real 

n <vd' 

^-ultrafilter converging to p. Since L e F for each n e(H from 

n ^ 

Lemma 2 of Alo and Shaoiro [3] which states that if F is a real 
^-ultrafilter then it is countably productive, it follows that ^ L e F 


n=l 


n=l 


ID' , 


and hence p, being the limit of F, is in Cl.j,C L ) 

We now come to the main results concerning the space n(^) 
corresponding to a c.p. normal base ^ on X. In order to find the 
necessary and sufficient conditions for n(^) to be realcompact we 
will make use of the concept of '‘Q-closure" which is due tof’rowka [23]. 
S.12 Definition : The Q-closure of a non-empty subset A of a 
topological space X is the set of all p e X such that every set 
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containing p intersects A. 

; It is known that the 0-closure of a subset is always real- 

compact . 

5.14 Lemma : (Alo and Shapiro [3]) W(,^) (where 

denotes the Q-closure of X in W(X)). 

5.15 Lemma ; (Alo and Shapiro [3]) nC^) is realcoiroact iff n(^) = 
Using these results, we get the following theorem : 

Theorem : If ^ is a c.p. normal base on X, then is 

realcoB^jact iff : 

00 CO 

(R) : A Cl (LJ » Cl ( r\l), n e\bJ. L^ e X • 
nal X ' " X'^ n=l ^ " 

Proof ; If ^ satisfies condition (R), th«o from Proo. 5.11 we get that 

X^OnCcf^)* view of Lemma 5.14, this means that X*^ = n(X) and hence 

by Lemma 5.15, nCc^!.) is realcompact. Conversely, if n(^) is realcompact, 

then n(^} * and so once again, by Prop. 5.11, it follows that 

condition (R) is satisfied. 

We will now show that this result is an improvement over that of 
Steiner and Steiner [34). We first recall the following definition. 

Dafiuition : A sequence of sets {L^} in ^ is a nest iff there is 
a sequence {l;} in ^ such that l-L^^jCr L^^j<r X-L;ci L^. for each 
n eN. 

^ is nest generated iff, for each L in ^ , there is a nest {L^} 
in such that L » A ^ * 

5.18 Remark : Steiner and Steiner [34] have shown that if ^ is a nes 
generated c.p. normal base on X then nCX) is realcoispact. A 
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result has also been obtained by Alo and Shapiro [41. Kovyever, as the 
following lemma will show, Steiner and Steiner’s sufficiency condition 
implies the condition of TIi. 5.16 which being both necessary and 
sufficient, is an. improvement. 

5-1® Lemma : If ^ is a nest generated c.p. normal base on X then 



(L ) » Cl 
B 


i r\ IJ, for all 
n=l " 


in 



Proof : In view of Prop. 5.11, it is enough to show that L = ^ 

n*l ” 

m : a> 

implies / ^ Cl q(L ) « (j), Supnose on the contrary that p c '' '\ Cl -(L ). 
n*I IT ^ ^ ' n=l X "" 

Then, from Theorem 2,2 of Steiner and Steiner [34] in which the authors have 

proved that every nest generated c.p. normal base ^ on X is precisely 

the trace on X of all zero-sets in W(^), it follows that for each 

in dC , Lj^ * nX, where Zjj for some zero-set in 

00 

If Z - r\ Z , then Z is G, set In WW), and hence, by Prop. 1.38(iv), 
n-\ n ’ 

m <*> 

Z E ZCWC^)). Therefore p e Cl (L ) c r\ Z = Z . Finally, as 

n*=l r ^ n=l 

p e X^ , and Z is a set in WC]^) containing p, Z AX (see 

Def, 5.12, i.e. L o X-:^ and hence A L^ f . 

n-1 " n=i 


5.20 Theorem : Let , t be two c.p. normal bases on X. Then n(A) 


is homeornorphic to 



(i) T - nit), and 

(ii) T - n( p, Pji e X • 
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Proof_: If n(^) is homeomorphic to then the necessity follows 

directly from Prop. 5.11. To prove the sufficiency we first note that 
conditions (i) and (ii) i^iy that ^ and mutually separate each other. 
Hence, by Corollary 4.11, is homeomorphic to W(f ), which in turn 

implies that t)(^) [respectively nC^)] is homeomorphic to a subspace 
of WC-^) [respectively W(^)]. Hence, as (i) and (ii) hold, by Prop. 5.11, 
for each p e n((^), there exists a Q c which conversjes to p. Put 

this means that p also converges to q as the following argument shows. 

If p does not converge to q, then q is not a cluster point of n 
(because p is an cC -ultrafilter) . Hence, there exists an Lj in p such 
that q ^ )^'^1^’ which means that there is a Gj iu ^ such that 

and Gj q, i.e. D AG 2 = I for some G2 in q. 

But Lj e p implies p e Cl^^^^(Lpc: Cl^^^^(Gj^) and also p e Clj^j.^^(G2) 
(since q converges to p and G2 ^ 0). Thus, Cl^^^^(Gj) 

» n G2) ?* <|) , a contradiction as G^^n ^2 = I. Hence q 

converges to p iff p converges to q. Define f:n(^.)"*‘D(^) by 
f(p) = q iff q converges to p, p in P(i^). Then f is well-defined 
map. Also, as p converges to q iff q converges to p and as the 
spaces are Hausdorff, f is one-to-one and onto. To show that f is 
continuous, suppose p e p(<^). Act nC^f!) and f(p3 = q ^ 

Then there is a G in such that G absorbs f(A) but G i q. Hence 
AcrCl^^^^(G) and p ^ Cl^^^^(A), showing that f is continuous. By 
symmetry, f'^ is also continuous and thus b(^) is hoij^omorphic to 

An inmedinte corollary to the above result is the following : 
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IS 


as Y 1 ! Hausdorff, f .Is also one-to-one. We non show that f 
onto nCl). Let .Ftn(S). Set . {Cl^(F) : F e F) . Then (a) 

♦ I r tb) Fj. Fj implies (Fj aF^ s F Inplles"" Cl^(Fj a F^) = 

ClyCFj) rtCl^CF^) (from (i)) e F,*. (c) Fj s_F , FjC L tt l-pUes I e^ 
and hence Cl^CL) e^*. (d) For I e Cl^CL) n Cl^CF) f ^ for each ~ 
F in Implies C1._,CL OF) ^ I) for each F s F (From (i)) and hence, 
as F is an ^k-ultrafilteT, L e^, i.e. 01^(1) e (e) e^. e N 


/X/ 


oo 

and A ^ implies, from (i), that Cl ( O ^ » f and hence 

11*1 1 ^ 


" n=l 


A L * (j). But as F is real, this in turn means that {L }" F and 
n=l " ^ n=lT r-- 

so {ClyCL )} <i F*. Thus F* is a real ^*-ultra£ilter, and since Y 
n»l ' ^ ^ 

is ^*-realcompact , ^ converges to some point y in Y. Hence 

y e /A ClyCF). But this means that F converges to y in Y (see 
FeF ^ ' 

Def. 1.41), and therefore f(y) =^. To show that f is continuous, 

let y e Y, A e P(Y), f(y) = F |{ Cl . f(A)- Then there is an L in 

^ such that L absorbs f(A) and L ^ ^ . This means that 

A crClyCA) oClyCL) and y^Cl.^(L). Hence y ClyCA) so that f is 

continuous. Finally, we prove that f is closed. Let y e Y and A e FCY). 

If fCy) e F e Cl f(A), then L c F^ ■ whenever L absorbs f(A) 

i.e. ye ClyCL) whenever ACClyCL). Hence, as {Cly(L) : L e } is 

a base for closed sets in Y, it follows that y e ClyCA) which proves 

the closedness of f . Hence f is a horaeomorphisn of Y onto nCcC) . 

The corollaries which we shall now derive from the above Th. 5.22 

ate analogues to the results of Njastad [27] and Steiner [35] (see 4 .15 and 

4.17). 
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5.23 CorollSD' : ■ An X*-ranlccnna«ificMlon Y of X Is honeo«,rphic 
to n(^) iff 


(i) 


ClyCn L ) = 
^ n»l " 



(ii) there exists a c.p, normal base for the closed sets in Y 
such that ^ r» X . 

Proof : Clearly the existence of a c.p. normal base for closed 
sets in Y such that ^ ri X implies that satisfies condition 
(ii) of Th . 5.22. Hence sufficiency follows from the same theorem. 
Conversely, by setting (ClyCL) : L e^}, as Y is homeomorphic to 

n(i), (A" is a c.p, normal base on Y , satisfying (i) and (ii), 

Dofinition ; Y is a Wallman realconpactification of a Tychonoff 
space X iff Y is homeomorphic to n(^) for some c.p. normal base 

^ on X. 

5.25 Corollary ; Y is a Wallman realcompactification of a Tychonoff 
space X iff : 

(i) Y possesses a c.p .normal base cA’ trace property 

w.r.t. X and 

. (ii) Y is (f,«4 n X)*-realcon!pact. 

If Y has such an A" > homeomorphic to niAn X) . 

Proof ; If Y is homeomorphic to n(^)> then, by setting 

c4' ** {C1 y(L) L e } , the necessity follows from Prop. 5.11. Conversely, 
suppose Y has such m A • Let ^ - A 0 X. Then, as proved in 
Corollary 4.15, is a normal base on X, and since A is c.p., so is 
S . Also. a$ ClyCA/^ X) . A for all A ln> and la a normal 
base on Y, conditions (i) and (ii) of Th. 5.22 are satisfied. Hence 
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Y is homeomorphic to nCoC) = o X) 

The above coroUaiy also gives the folloving-analogue of Steiner's 
Theorem 4 in [35] a direct consequence. 

5-26 , Cp£O . Llayx = possesses a c.p. normal base A of regular 

closed sets, then Y is a Wallman realcompactification of each of its 
dense subspaces X for which Y is (cAn X)*-realcoii 9 )act. 
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CHAPTER 6 
SEPARATiriN SPACES 

As mentioned in the first chapter, the separation proximity 
spaces (or S-spaces) , were introduced independently by various authors at 
about the same time. However, not much literature is available on the 
subject. The present chapter is devoted to a general study of this 
particular class of proximity spaces. The results are mainly motivated 
by the known results in the theories of EF-spaces and LO-snaces. In 
particular, we shall prove that every T^-space has a compatible S -proximity 
and conversely. The concept of the 6-nbhd. of a subset of X will also be 
defined. It will be shown that every p-continuous map between two S-spaces 
is always continuous and a sufficient condition will be obtained for the 
converse to hold. Finally, we will prove that every S-proximity on X has 
a coiifiatible (generalized) uniform structure (called the S-uniformity) , and 
study some of the basic properties of the same. We begin the present section 
by showing that similar to an EF-space or a LO-space, every S-space also 
has an associated topological structure. 

6.1 Definition : Let (X,6) be an S-space, and let A e P(X). Define 
a"^ « {x e X : X 6 A} 

6.2 Proposition ; In an S-space CX,6), the (^) operator associating with 
each A c P(X) the set A^ as defined in 6.1, is a Kuratowski closure 
operator. Moreover, the induced topology t denoted by t(6), is a 
Tj^-topology on X. 

Proof : We first check that (^) is indeed a Kuratowski closure operator 


on P(X3. 
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(i) If A . f , then from (P.3). Mx e X : x « 

(ii) If a £ A, then A a a j« and hence by (P.4), a 5 A so that a e A«. 
Thus , A <Z . 

Ciiljx C (A« v; B«) iff X J A or x J B iff x « (A u B) (by (P.2)). 

iff X £ (A u B)^, i.e. A® u = (A o B)«. 

(iv) X e (A ) implies x 5 A®. Also, by definition 6.1, a { A for 
each a in A* . Hence, using (P.6") , x 5 A i.e. x e A*. So we 
get that (A^)^c: A® . As the reverse inclusion is obvious from (ii) , 
(A^)^ » A^. 

r* 

Thus, C°) satisfies the four Kuratowski closure axioms and therefore 
is a Kuratowski closure operator. To see that x = t(6) so induced on X 
is Tj, we observe that for x,y in X, y e T(5)-closure x of x iff 
y 6 x iff y » x (P.5) . This means that {x> * x for each x in X 
and hence t( 6) is T^. 

The converse to the above Proposition 6.2 is also true, as the 
following result shows. 

6.3 Proposition : A T^-space (X,t) has at least one compatible S-proxiirity, 
namely the 6^ S-proximity defined by : for A,B e P(X), 

A B iff (A nl) U(A OB) (j> - 

Proof : We mist first show that 6^ satisfies the axioms (P.l) to (P.5) 

and (P.6' ). However, as the axioms (P.l), (P.2), (P.3) and (P. 4) are the 
direct consequences of the definition of 6^ and the properties of closures 
of subsets in X, we need only prove that (P.5) and (P.6") are satisfied by 
6^. To check (P.5), let x, y e X. Then x y implies that 
(X A y) u (X o y) M atid as (X,t) is Tj, this in turn implies that 



68 


Proof,: (a) A e xCap iinnlies x (X-A) far each x in A itnolies 

X for each x in A implies AeT( 62 ). r( 6 j) <:^tC« 2 ) • 

Cb) A iSl B implies (A r, ^ A n B) = ^) and as 

^0 ’“^(X,T 2 ) ^ ^ ^ P(X), this means that 

(An Cl^j^^^jB) u jAnB) = ^ and hence A B. Therefore, 

4 2 0 

12 
5 < 6 . 

0 0 

Theorem : TI\e 5 ^ S-proximity (as defined in 6 . 3 ) is the finest 
S-proximity compatible with any Tj-space (X,t) . 

Proof : We must prove that if 6 is any other compatible S-proximity 
on (X,t), then A 6 ^ B inplies A 6 B. But A B implies that there 
is an X in X such that x e (A A ¥) u (A A B) . Without loss of 

generality, we assume that x e (Aa^). Now, x e F implies that x 5 B, 

and as x c A, from Prop. 1.14, A 6 B. 

DofiAition ; If (X, 6 ) is an S-space, and A,B e P(X), then B is a 

-neighbourhood of A (denoted by A < < B) iff A i (X-B) . If B is not 

a 6 -nbhd. of A, then we write A <|< P . 

6 *® Proposition : If CX, 6 ) is an S-space and the relation '< <' on 
P(X) is as above, then the following are true ; 

N - (i) X < < X, 


N - (ii) A < < B implies ACB. 

N - (iii) A o B, Eo F and B<<E implies A<<F. 

n 

N - (iv) A < < B. , 1 < i <.n iff A < < n 

1 "* i=l 

N - (v) A < < B implies (X-B) < <(X-A). 

N - (Vi) X c X, A E P(X), X < < A implies for every subset 3 of X 

either x < < B or there is a y in X-B such that y < < 
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N - (vii) X < < (X-y) iff x y, • 

?I2SLJ N - (i) From (P. 3), X /! f and hence X < < x. 

N - til) A < < E irpUes A / (x-B) Inplles A fx-B) . ^ i^pUes 

ACP. 

N -(iii) Let AcB, Ec F. Then A <|< F implies A 6(X-F) 

which, by Prop. 1.14, implies that A 5(X-E) and hence, 

again by Prop. 1.14, this means that B 6 (X-B). Hence 
B <|< B. 

N - (iv) A < < r 1 < i < n iff A i X-B., 1 < i < n if^ 
n 

A i V (X-B.) (by inductive reasoning on (P.-2)) iff 
ial , 

n n 

A MX - n B.) iff k<<DB.. 
i»l ^ i»l ^ 

N - (V) Ai < < B implies A / (X-B) implies (X-B) / A (P.l) 
implies (X-B)< < (X-A). 

K - (vi) Let X < < A, B e P(X) be such that x <|< B and 

y < I < A for each y in (X-P) , Then x 6 (X-B) and 
y 6 (X-A) for each y in (X-B) and hence, using {P.6") 
v;e get that x 6 (X-A), i.e. x <|< A a contradiction. 

N -(vii) X < <(X-y) implies x i X-(X-y) = y, and from (P.4) 
this means x y- 

6.10 Remark : Property N - (vi) of the above Prop, can be also expressed 

as : For A e PCX) and x c X, x /S A implies that for each B e P(X), 

either x B or there is a b in B such that b / A. 

Wo will now prove that an S-proxiraity 6 can always be defined on 
a set X in terms of a relation '< <' on P(X) which satisfies the 

conditions of Prop. 6.9. 
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6.11 Theorem : If X is a sRt j. . . 

d sex and < <’ is a binary relation defined 

on P(X) which satisfies N-(i) to N-fviiV of « *t. 

V.4.; Lu i^viij Of Prop. 6.9, then the binary 

relation 6 on P(X) piven by : for A,B e P(X), A ^ B iff a < <(X-B) 
is an S-proximity on X. 

Proof_: We must show that 6 satisfies axioms (°.l) to (P-.S) and (P.6”}. 

(i) A ^ B implies A < <(X-B) iwllas B < <(X-A) (from N-W) implies 
B 4 A . Hence (P.l) holds. 

(ii) (A U B) I iff C )i! (A u B) (from (i)) iff c < < X-(Au B) = 

(X-A) (X“B) iff C < < X-A and C < < X-B (from N-iv} , thus 

verifying (P.2), 

(iii) A 6 B implies A <|< (X-B) which, in view of N- i , implies that 

E I* f . Because of (i), we similarly get A ^ . Hence (P.3) is holds. 

(iv) X y implies x < < X-y (from N-vii) implies x t y. Hence (P.5) 
holds . 

(v) Lot a 6 B, b (S C for each b in B. If possible, let a $ Cy 
then a < < (X~C) , From N-(vi), this means that either a < < X-P 
or there exists a b in B such that b < < X-C, i.e. either a B 
or there is a b in B such that b C. But both of these possibili- 
ties give a contradiction. Hence (P.6") is verified. CP.4} is obvious. 

Theorem : If 6 is a compatible S-proximity of a Tj-space (X,t) , 

then for A c P(X), A° « (x e X : x < < A). 

Proof : Wo first note that for an open set G in (X,t), x e G iff 

X i (X-n) iff X < < G. Set B » {x e X : X < < A). Then clearly, 

A°c-. Be: A. To prove that A° » B, it is sufficient to prove that B e t, 
i.e. if X e B, then x < < B. But x e B implies x < < A implies 
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either x < < B or there is a y in fy m *v * 

y in ix-B) such that y < < a( from N-vi), 

But y < < A ir^lies y e B, a contradiction. Hence x < < B. Thus Bee 

and therefore » B. 

6.13 P.cmarh : It is interestinp to note here that in the case of an 

S-proxic.lty 5 »Mch is conoatible with a Tj-space (X.,), the tollowine 


arc Bot always true : 

(i) A < < B inplies A < < B° and 

Cii) A < < B iTOlics A < < E°. 

A counter exaiirnle to both of these is again provided by the S-soace 
with A » (0,1) and B a|;^-(i,2). ' 


We will now prove a result which is analogous to Prop. 1.19 and 
Prop. 1.20. 

Proposition : Let CX,6j3, (^, 62 ) be two S -spaces. If 
£ : (Xadj) ■+■ CY. 52 ^ p-continuous, then the map f : (X,t(6j)) CY,tC52)3 

is continuous. In general, the converse need not hold, but it holds if 

6, « d' 

Jl O' 

Proof ; Let f bo p-continuous. To prove that f is continuous, we need 
prove that for each A e P(X), if x e A, then f(x) e f(A). If x e A , then 
X A so that f (x) 62 ^ f (x) e fCAr- That the converse is 
not always true can bo seen by taking X = Y = = 6 ^^ (see 1.17) and 

<5„ - the S-proximltv 6 ^. Then the identity map i is continuous. But if 
A» (0,1), B » (1,2), then A 6^ B but i(A) ^JiCB). Hence i is not 
p-continuous. For the l«ist part we note that if fij = the S-proximity 6 ^ 
and f is a continuous map, then A 6^ B implies (A A I) U (A AvB) $ 
implies (f(A) a f(P)) V (fC^ A f (B)) ^ as f (I) ^nd 
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we, get (fCA) A f(B)) U C£(A) A £CB3) # 4 so f (A) sj' f (B) . But 

5^ > ^2 (from Th. 6.7), and hence £(A) ^2 f (B) . 

6.15 Theorem : If X is a set, (¥, 62 ) 3M S-space and if f : X ->■ Y 

is a one-to-one map, then the coarsest S-proximity 6 ^^ which may be 
assigned to X in order to make the map f : (X, 52 ) (Y, 62 ) p-continuous 

is given by : A 6 ^ B iff £(A) ^2 fC®) , A, B in P(X) . 

Proof : We must first show that 5 ^^ so defined is an S-proximity on 

X. As axioms (P.l) to CP.4) follow directly from the fact that 62 ^s 
an S-proximity on Y , we need check only the axioms (P.S) and CP- 6 ). 

Let X y. Then f(x) ^2 fCy) and as ^2 satisfies (P.S), fCx) = fCy)| 
Since f is one-to-one, this means that x = y and hence (P.S) holds. 
Again, let a 6 ^ B, b 6 ^ C for each b in E. Then f(a) 6 ^ f{B) and 
f(b) ^2 ^SiCh b in B. Since 62 satisfies (P. 6 "), this means ; 

that f(a) 62 -( 6 ^) hence a 5^ C , thereby verifying (P. 6 "). 

Finally, to show that 6 ^^ as defined above, is the coarsest S-proximity 
vjhich will make f p-continuous, let 6 ’ be any other S-proxinity such | 
that f ; (X, 6 ’) -v (Y, 62 ) is p-continuous. Then A B implies 

£(A) 1^2 3 .S f is p-continuous, this in turn implies that 

£~^ £(A) (S' f(B). Using Prop. 1.14, as kczf'^ £(A) and BCf'^ f(B) 

we get that A B. Hence 6 ' > 6 which gives the desired result. 

For a non-void set X, it is well-known that to every EF-proximity 
6 defined on P(X) there corresponds a uniform structure (i.e. a subclass 
of P(X X X) which satisfies some particular set of axioms). Mozzochi 
has constructed a similar structure, which he calls the symmetric 
generalized uniform structure , and has also shown that to every LO-proxi- | 
mity (S defined on P(X) there corresponds a symmetric generalized ; 
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inuform structure, (see Mozzochi [25]). We shall nn ■ 

obtain an analogous 

esult for the S-nroximities f'e -F-j-ccf 

' ■ following definition. 

6-16 Definiti on : If x o 

^ set, then a u in P(x y X) is 

said to be symmetric iff it = u-1 

^ . A subfamily of PCX x X) is a 

^^Tiimetric family if each !l in ^ 

IS syinmetric, 

6.17 Theorem : Let Y ^ 

- set and -ft a collection of non-void, evnaetric 
»e.bansofPCX.X,. Oeflned.,c*.)on P(X, .v: 

for A,B e PCX), A fi B iff U[A]A B 4 -f / 

L J i I B jt qi for every ij in tiC. . 

6 is an S-proximity on y -jf-F ‘f'c e.- ^ 

= - O : 0 e ) . / " ^ 

= - »i) If . c PCX) and 0, V cT,, then there is a w i„ <6, 3a,h 

that W[A]c:: U[A] A V[A]. 

Cm) J-SX and AePCX) such that UM o A fa, .a^h U 

, then given a V etp. there is a w • ^ 

i:nere is a W m <1^ and a y in A 

such that W[y]ci V[x] . 

(That is,^ is a conEatible S-u„ifor.ity vith the S-oroxiauty S' 
Iff « satisfies (S-Cl). S-Cli) and S- (ill) ). 

let satisfy S-Ci), s-Cii) and S-(iU,. t„ that . , 

ES d6fiTicd above rt-n 

e. IS an .-proxisaty on X „e nust check the axioms (P.,1 to 

(P.5) and CP. 6"). ' 

CO A5B implies that U[AjnB^4 for each U In . Hence, 

If Vs%, there Is an a in A and a b in B such that 

Ca.b) e IL But as U = irh this means that (b.a)c U. Hence 

a e mb]n A, i.e. U[B] AlA ^ . Thus „e yet that B s A, so 

that CP.l) holds for 5 . 


Proof 
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(ii) If, C i k and C ^ B then there exist Uj^, in^ such 

that Uj^[C] A A = (| and U 2 [C],a B = . But from S-Cii), this 

means there is a W in -te such that ^rc] U, FC} aO-[C]. 

Clearly, W[C] A( S) = (jl and hence C (A B) . Conversely 

if C ^ (A u B) then there is a U in ^ such that 

U[C] A (A U B) = and hence U[C] n A = f = U[C] A B , i.e. 

C (A U B) . Thus (P.2) is also satisfied. 

(iii) (P.3) is evident from the definition of 6 itself, 

(iv) If X e (A A B), then clearly as (x,x) e U for each U in ^ , 

X e U[A] ,A B for each U in • Fence (P.4) holds. 

X 6 y iii^lies U[x]Ay ^ f for each U in ^ implies that 
y eA{U[x] : U implies y e a[x] (from S-(i)) and hence 

(x,y) e a, i.e. X = y, thus verifying (P.5), 

(vi) Let a 6 B, b 6 C for each b in B, If possible, let a /S C. 

Hence, there is a U in such that Ufa] A C ® f . But 
a 6 B implies V[a] A B (|) for each V in ‘tk and hence, 

from 5- (iii), there is a W in and a b in B such that 
W[b] (C.H[a]. Thus W[b] A C = ^ which means b i C, a contra- 
diction. Therefore a 6 C , and hence (P.6") is also valid for 
6 . 

Hence if ^ satisfies S-(i), S-(ii) and S-(iii), then 6 is an 
S-proximity. Conversely, let 6 , as defined above, he an S -proximity on X. 
We must now prove that 'Ijl satisfies S-(i), S-(ii) and S-(iii). 

(i) Let X e X, U e?:e. As x a x / f , from (P. 4) x 6 x, which means 

that H[x] A X f, i.e. (x,x) e U. Hence Ao” for each 
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Cii) 


Ciii) 


“ ‘f fr.rtc mu : U <4,. then y e f[x] 

for each u and hence D[x]^ 

Thi. implies that X 5 y, and by fp.'s), ^ ya,ia„a that x . y, 

i.e.iD A{0 : U e^,. Hence d = n (U . u a<, ). so that 
S-(i) is verified. 

Lot U.Ve^and A c p(X) be such that »tAJ n CX-fUfA, ^ VfAJ ,) 

* C for every n in ^ aach w in ,at 

- {X : X c WfAr- UtA] A VtA],. and let P . bfAp) 
v'e will now prove that A 5 B. Suppose not. Then, there is a 
»A such that U,tA].B.^. Pa, 

-ans that a^[A] OP-CU,, = ^ or that .l,fA,oU[A, a VtA]. a 
contradiction. Hence A J B. let B, = (p . ufA]) and 

»2 = <B - V[A)) . Then as U[A3 A Bj = ^ = VfA] a 8,, it is clear 
that A « Ej and A / Bj. a contradiction to (P.2) as 

= 5 and A 6 B. Conseouently S-(il) nuj, also hold Cor 

it . 

Finally, suppose x c X and Ac P(x) such that u(x] A A ^ ^ 
for each u in (i.e. x d A) . Let v c?^. If possible let , 
r each , m A and for each W in tt , w[y] a (X-V[x]) f ^ 
Then y MX - V[x]) for each y i„ «. 

tP.6") it follows that X S X - v[xl . But this implies twat 

V(x] A CX-v[x]) ^ If , which is impossible. Hence S-(lii) must 
also hold. 

Thus {jJ. is conpatible with an S-oroxiitiity 5 on X if-F 
satisfies S-Ci), S-(ii) andS-Ciii). 
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6.18 Definition ; Given a non-void set X, a S 3 nmaetric subfamily ^ of 
P(X X X) is said to be a separated miformity (or an S-uniformity) on X 

iff satisfies the axioms S-(i), S-(ii), S-Ciii) of Th. 6.17, together with 
the axiom: 

S-(iv’) :I£ V e P(X x X) , V = V~^ and V 3 U for some U in > 
then V e ^ . 

Further, if is an S-uniformity of X then the pair (.^,7^) is said to 
be an S -uni form space (or an SU- space) , 

6.19 Proposition : Let (X,^) be an SU-space. Then the operator 'Cl' 

defined on P(X) by ; for A e P(X), x e Cl (A) iff Ufx] A ^ $ 

for every U in , is a Kuratowski closure operator on P(X). 

Proof : To prove this, we check the four Kuratowski closure axioms. 

(i) That Cl((^) = $ is obvious. 

(ii) Let x e A E P(X). From S-(i), (x,x)e /^{U : U e^} ,so that 
X e U[x] AA for each U in , i .e. x e C1(A) . Hence 
ACCl(A). 

(iii) X e Cl (A) u C1(B) iff x e Cl (A) or x e Cl ( 8 ) iff 

either U[x] n A ^ f for each U in or U[x] a B f 

for each U in , iff U[x] Pi (A lu B) ^ ^ for each 

U in iff X e C1(A uB). Hence C1(A) o ci(B) 

= Cl (A O B) . 

(iv) Let x e Cl (Cl (A)). Then U[x] ^ Cl(A) ^ for each 

U in . From S-(iii), if V e '==(^then there is a y 
in Cl (A) and a W in such that W[yl<:-.V[x]. But 
y e Cl (A) means that W[y] A A 7 ^ . Hence V[x3 A A f . 
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Since the same is true for each V in , it follows that 
X e Cl (A) and hence ClCCl(A)) o C1(A) . As the reverse 
inclusion follows in view of (ii), we get that Cl (Cl (A)) = CICA). 
Thus the result is proved. 

6.20 Definition : The topology induced on by the 'Cl’ operator 

as given in Prop. 6.19, is called the S-uniform topology (or the SU-topology) 
on X, denoted by t = t CtjQ . 

6.21 Proposition ; Let (X,<4) be ar. SU-space. Then A e iff 

for each x e A there is a U in such that U [x] ca A. 

Pt’oof : A e t(15a) and x e A iiiplies that x i Cl(X-A) and hence there 
is a U in such that U [x] (X-A) = f i.e, U rxl^riA. Conversely, 

if for each x in A there is a in ti. such that V^[x3 <Z. A, then 

X i Cl (X-A), so that (X-A) is closed in T(‘2f), i.e. A e 

6.22 Remark : If (X,^) is an gu-space, then as U[x] r\A ^ ^ for 

each U in ^ iff x 6 (tg) A, it follows that xC^) * x(5('^))- 
Hcnce, since 5('^) is an S -proximity on X, from Prop. 6.2, (X,t('=Cj.)) 
is a T^-space. 

6.23 Theorem : If (X,*^) is an SU-space and A e P(X), then 

A® = (x e X ; ll[x] cz A for some U in } . 

Proof ; Let B = {x e X ; U[x] d ^ for some LI inl^^} . Then, clearly, 

A° d ^ A. To prove that A® = E, it is sufficient to show that 

B e t(^) or equivalently, that if x e Cl(X-B) then x B. Let 
X e Cl(X-B). If possible, let x e B. Then there is a in such 

that U [x] iC A. Also x e Cl(X-B) implies that V[x] (X-B) 4 i| for 
each V in and hence from S-(iii) , there is a y in (X-B) and a 
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W in^ such that W[y]^ U^fx] CT A. But F[y3 c: A inip lies that 
y £ B, a contradiction. Therefore B is open in tC^) so that A® = P . 

6.24 Corollary : If is an SU-space and if x e X, then 

{U[x3 : U is a nbhd. basis of x. • 

Proof : If X £ X and G is an open. set containing x then, by 

Prop, 6.21, there is an U in such that U [x] cc G. By Th. 6.23, 

X e CU[x])®, i.e. U[x] is a nbhd. of x. Hence the result follows. 

6.25 Theorem ; If is an SU-space and if A e P(X), then 

A = /^{U[A] : U e 

= X e A iff U[x3 o A ^ (js for each U in iff x e U“^[A] 

= U[A] for each U in iff x ehtUfA] ;Ue^}. 

6*26 Definition : A subfamily of P(X x X) is said to be a base 

for an S-uniformity on X iff (i) (£> cr. tit. and (ii) For each U in 

, there is a B in (S such that Be: U. 

6.27 Definition : A subfamily ^ of PCX x X) is said to be a subbase 

for an S-uniformity iff the set of all finite intersections of 

elements of ^ is a base for . 

6.28 Lemma : Let (X,'^) be an SU-space. If a V g p(x x X) is closed 

in X X X, (with the product topology) , then for each x in X, Vfx] is 

closed w.r.t. t (tj?) • 

Proof : Let x e X. To show that V[x 1 is closed, we must nrove that 
o ‘•O'’ ’ 

every convergent net </yjj : d e in V[Xp] converges to a noint of 
V[x^] . Let / y^ : d £ D ^ be a net in V[-Xjj] , which converges to a point 
b in X. Then, <^x^, y^y d e is a net in V which clearly converges 

to (x^,b) . But V is closed and hence (x^jb) e V, i.e. b e V[xo] , 
thereby yielding the desired result. 
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6.29 7]^ . ut be a. S,. space. I. ^ bas a base censisting 

of closod soils lilioii is 

££2^: -me result f„lle„s iaMediately fret, Corollary 6.24 and be* 

6 . 28 . 

6.30 3^ : , (g, ^ ^ ^ 

uniformity ^ on X Iff ® is a symmetric family satisfying S-{i). 

S-(ii) and S-fiii) . 

£l2Si : The necessity follous fro. the fact that ® To prove 

the sufficiency, let (ft be a sy*etric family aatisfying the axioms 

S-Ci).S-(ii, andS-(iii,. Lett;,. 

B in fi }. Tnen we will show that ■& is an S-uniformity on X. Since 
by definition itself, is a symmetric family which satisfies axiom 
S-(iv'), we need only check S-(i) to S-(iii). 

Cl) As n{B ; B £(£)}= A , S-(i) obviously holds for 

( ) Let A e P(X) and Uj, Then there exist in 

such that B. Cl U. , 1 = 1,2. By S-(ii3^ there is a B^ in ^ 
such that B2[A3 .<rBj[A3 A B2[A3. Hence [iX] ^ Uj [A] fliU 2 [A] 
and as B^e , we get S-(ii). 

Let X- e X, and A e P(X) be such that U[x] a f for each 
u In 'Si . Hence B[x) n A ^ l|i for each B in fi too (since 
Also, if Uj et^, then there is a Ej in ® such that 
BjCUj. Since® satisfies S-(iii) , there is a in ® 
and a y in A such that B^tyJ ^ E jy] d Uj[x] . As sti., 

this means that ?( satisfies S-(iii). Conseciuently ti is an 
S-uniformity on X. 


(iii) 
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6.31 Theorem : Let (X,5) be an S-space. Then there exists an 
S-iinifonnityt$iLi(6) on X such that 5C^^jC6)) = 5 . 

Proof ; Let A,B be non -void meitfcers of R(X). Set U. ^ * 

((X X X) - (A X B) U (B X A)). Define (B = g : A 4 B} . Obviously, 

each member of ^ is symmetric. We will now prove that ® is in fact a 
base for an S-uniformity on X by showing that is a cpinpatibie 
uniformity (in the sense of Th. 6.17) with 5, i.e. A ^ B iff there 
exist C,D in P(X) such that C ji D and ^[A] O B = f. Let A ^ B, 
and suppose that t e AB. Then there is an s e A such that 

Cs,t) e a contradiction as (s,t) e A x B. Hence ^ ^ 

Conversely, suppose there exist C,D in P(X) such that C ^ D and 
p[A] r\ B = $. Then A c: C D ; for if x e A - (C U D) , then 

^ p[A3 = X, a contradiction as ^[A] B = f , 

and B 5 i« . We next show that A cs C or A c; D. Suppose not. Then 

there exist t^^, in A such that tj^ e C, t^ e D, so that 

= (X-D) and (X-C) . But since C jS D, from (P.43, 

(X-C) U (X-D) = X. Hence ~ ^ therefore 

~ which is again a contradiction as before. Thus, Acre or 
AcrD. Suppose AcTC. Then ^[A] = X - D; so Be, D and hence, by 

Prop. 1.14, A B. The proof for the second case is similar. Hence, 

from Th, 6.17, (£> satisfies S-(i), S-(ii) and S-(iii). Consequently, 
by Th. 6.30, if we sett^^CS) = {U : U = U‘^ and U3B for some B 
in then‘3!4j(6) is an S-uniformity on X. Clearly, 6(^j^(6)) = 5 , 

and hence the theorem is proved. 

6.32 Definition : Given an S-space (X,5), the class of all S-uniformities 
on X such that 6(1!^) =5 is called a proximity class of 
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S-uniformities on 3^, denoted by irCfi). 

6.33 Theorem : Let (X,6) be an S-space. If ti. e ?rC6)> then 

(a) • A 6 B iff for every U cig , (A x B) /J U ^ , 

Ct>) A < < B iff there exists an U in such that UfAjczP. 

Proof : (a) Let it( 5). Suppose (A x B) o U / ^ for every U in 

^ . Then clearly U[A] n B ^ (j! for each U in ^ and hence A B. 
Conversely, let A 6 B and U etc . Then, as e 7r(5), there is a 
b e U[A] f\ B. This means that there is an a in A such that (a,b) e U. 
Thus (A X B) /I U . 

Cb) Let-^e ir(6) and A,B e P(X) . Then A < < E iff h f, (X-B) iff 
there is an U in fe such that U[A] n (X-B) = ^ iff there is an U 
in such that U(A]^B- 

6.34 Theorem ; Let (X,6) be an S-space. Then ‘Zg ^^(6) , as constructed 
in Th. 6.31, is the least element of Tr(6) (vrhen ir(6) is partially 
ordered by inclusion) . 

Proof : Let ^ e ttCs) and g e^^Cs). In order to prove that ^(6) 
is the least element of 11(6), we must show that U. „ . Since 

A B, by Th. 6.33(a), there is a V in ^ such that (A x B) AV = ^. 

As V = V~^, this means that (E x AO .A V = (^ . Hence, by the definition 
of g, V g. But is an S-uniformity on X and conseouently, 

by S-(iv’), i.e. tCj^C6)cr ti- 

6.35 Theorem : Let (X,5) be an S-space. Then the union ^ of an 


arbitrary family of members of trCs) is a base for an S-uniformity in 
tt(6) . 
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S-uniforisities on denoted by ir(6). 

6.33 Theorem : Let CX,6) be an S-space. If e irCd), then 

(a) • A 6 B iff for every U eZ^ , (A x B) U # . 

(b) A < < B iff there exists an U in <2^ such that U[A]ccP. 

Proof : (a) Let Tr(6). Suppose (A x B) n U j* ^ for every U in 

^ . Then clearly U[A] /A B # (| for each U in and hence A 6 B. 
Conversely, let A 5 B and U etie . Then, as e tt( 5), there is a 
b e U[A] HE. This means that there is an a in A such that (a,b) e U 
Thus (A X B) A) U f . 

(b) Let-^e ttCS) and A,B e P(X). Then A < < B iff A £ (X-B) iff 
there is an U in such that U[A] n (X-B) = ^ iff there is an U 
^ such that U[A]<^B. 

6.34 Theorem : Let (X,6) be an S-space. Then'2£ j(6), as constructed 
in Th. 6.31, is the least element of it ( 6) (when ■rr(6) is partially 
ordered by inclusion) . 

Proof : Let e Tr(6) and g order to prove that ^(6) 

is the least element of Tr(6), we must show that U, _ e’tf . Since 

A, D 

A iS B, by Th. 6.33(a) , there is a V in such that (A x B) A V = j). 
As V = V"^, this means that (E x A).A'V = ^ . Hence, by the definition 
of g> V g. But is an S-uniformity on X and conseouently , 

by S-(iv'), e'^, i.e. t«j(6)£:rtX- 

6.35 Theorem : Let (X,6) be an S-space. Then the union of an 

arbitrary family of members of Tr(6) is a base for an S-uniformity in 
11(6) . 
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Proof : Clearly, as every member of ir(6) is a symmetric family, ^ 

is also a synaaetric family. Also, if A,B c P(X) then, by the definition 
Af & >H 

of ■fr(6),^b[A] n B 5 ^ (| for each U in 06 . Consequently, by applying 
Th. 6.17, ^ satisfies S-(i), S-(ii3 and S-(iii). Hence, frcan Th. 6.30, 
is a base for an S-uniformity on X which is evidently in a (6). 

6.36 Corollary : If (X,6) is an S-space then ir(6) has a greatest 

element^ namely the union of all the members of ^(6). 

Proof : This is an immediate consequence of Th. 6.35. 



CHAPTER 7 


MORE ON SEPERATION SPACES. 


Having obtained some of the basic properties of S-snaces 
in the previous chapter, our present objective win be to generalise 
the theorem of Smirnov (see Th. 2.20). to S-spaces and thereby deduce 
some further extension theorems when the spaces under consideration 
are assigned the S -proximities . Our first principal result in this 
direction will be to prove that every abstract E-proximity is a subspace 
proximity of the S-proximity 5^ as defined in Proposition 6.3 (This 
generalizes the known results of Smirnov [31] and Lodato [19]). while 
proving this result, we shall make use of the notion of a band, a 
concept that corresponds to a cluster and a bunch in EF-soaces and LO- 
spaces respectively. A necessary and sufficient condition for an .S-space 
to be compact will also be found. Next, we will obtain a generalization 
of the Smirnov Theorem for S-spaces, which will be analogous to the 
theorem 2.21. Finally, with the help of the above mentioned result, the 
theorems of Tainanov [37], HcDowell [21] as well as one of our theorems, 
namely Theorem 3.11, will be generalized still further. 

7.1 Definition: A non-void family o of subsets of a p-space (X,5) 

IS a band over (X,6) iff o satisfies the following set of axioms : 

CB*.l) : A 6 B for every A,B in a . 

CB*.2) : (A O E) 6 C intplics AfiCorBSC. 

CB*.3) : A e 0 and a 6 B for every a in A inplies B e a . 
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7.2 Pemark : It is not difficult to see that the axioms (B*.2) and 
(E*.3) are together equivalent to the two axioms (8.2) and (B.3) of 
1.23. 

7.3 Remark ;Clearly every bunch (1.23) is a band, and the converse 

holds in LO-spaces . However, it need not hold in an S-space. Ror 
example, in the S-space , oj = {A e p(IR,) : ’ {1} 6 ^ A} is a 

band but not a bunch. This can be seen from the fact that (0,1), (1,2) 
are both in oi but ( 0 , 1 ) ( 1 , 2 ). 

7.4 Proposition : If (X, 6 ) is an S-space, then the following hold. 

(1) If a is a band, A e a and A oh, then B e o . Hence, in 

particular, X e o. 

(2) For A e P(X) and a a band over (X, 6 ), either A e a or 
(X-A)e a . 

(3) For x e X, Ox = {A e P(X) ; x 6 A) is a band, called the 
point band over (X, 6 ) . 

(4) If 0 is a band and {x} e o then 0 = 05 ^. 

Proof : (1) 0 a band over (X, 6 ) , A e 0 and A c: B implies A e 0 

and a 6 B for each a in A. Pence, from (F*.3), B e o 
Thus in particular X e o . 

(2) If 0 is a band over (X, 6 ) then as, from (1) 

X = A CX-A)e 0 for each A e P(X), by (B*.2), either 

A e 0 or (X-A) e 0 for each A e P (X) . 

(3) To see that o is a band we check (B*.l), (B*.2), and 
(B*.3). 
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(i) A,B e implies x 6 A and x 6 8 implies that 
X e A A B (closures taken in t(6)) so that, by- 

CP. 4), A 58. 

(ii) (A uB)e implies x 6 (A u B) implies x5 A 
or X 6 B (from (P.2)) implies A e a or B e a . 

^ X 

(iii) A e a 6 B for each a in P. implies x 6 A 
and a 6 B for each a in A. Hence from P.6' , 

X 5 B so that B e 

Thus (B*.l), (B*.2) and (B*.3) are verified, and hence is 

a band. 

(4) Let c be a band and {x} e a . Then A e a implies , 
from (B*.l), that A 6 x i.e. A 6 x (as X is T^ . 

From (P.6'), this means that A 6 x and hence A e 0 . 

X 

Therefore ct o - Conversely, if E e then P 5 x, 
and as {x} e a , from (B*.3) it follows that B e 0 '. 
Consequently ~ ' 

7.5 Remark : As a consequence of Prop. 7.4(4) it follov/s that if o 

is a band over (X,6) and ^ ® ~ ®x • Aviso, we note that 

if X ^ y, X, y in X, then 0 f o . Hds is due to the fact that 

X - y 

xfy implies, from (?.5) that x | y; but X is T^^ and hence v/e 
get that X I y so that both x and y cannot belong to the same 
band, which means 0 ^ 0 . 

7.6 Proposition : Let (X,5) be an .5-space and a closed ultrafilter 

in (X,t( 6)). Then b(L) = {E e P(X) ; E e L} is a band over (X,6), 
called the band generated by L. 
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Proof : We 5!ust again check that b(L) satisfies CB*.2) and 

CB*.3). 

(i) Let A,B e b(L). Then A, B e L which is a closed ultrafilter 

and hence A aB f {| . From (P.4) we get A 6 B i.e. (B*.l) 
holds . 


(ii) 


(iii) 


(A u B) e bCL) iniplies that (A u B)* e L icsplies A u E e L 


implies A e L or 

*■ rv-/ 

either A e b(L) 
Let A e b(L) and 
AcrAcrB". Hence, 


B e L (as' L is a closed ultrafilter). Hence 
or B e b(L), thus verifying (B*.2). 
a 6 B for each a in A, Then A e L and 
as L is a closed ultrafilter, F e L. 


Consequently B e b(L) and so (B*.3) holds. 

We will now obtain the necessary and sufficient condition for 
an S-space to be compact . 

7.7 Theorem : An S-space (X,6) is compact iff every band b(L) generated 

by a closed ultrafilter L on X is a point band. 

Proof : The result follows from the observation that b(L) is a point 

band for some x in X iff {x } e b(L) iff (x.) e L (because 

(Xq) is closed in X) iff L converges to x^. Hence every b(L) over 
(X,6) is a point band iff every closed ultrafilter L in X is convergent 
iff X is compact. 

7.8 Remark : It is of interest to note that, in a separated p-space 

(X,6), the following hold : 

(i) Every band is contained in a maximal band, (i.e. a band which 

is not properly contained in any other band) . 
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(ii) If CX,5) is an EF-space, then a non-void family a 

of subsets of X is a cluster iff it is a maximal band 
and every band in (X,5) is then contained in a unique 
cluster. 

The proof of (i) is exactly similar to that of Prop. 1.25; while 

(ii) follows immediately from Prop. 2.2 and Prop. 2.3 respectively by re- 

calling that in an EF-space, every band is a bimch (see Remark 7,3). 

7.9 Lemma : Let (X,6) be an S-space and let Z' be the family of all 

X 

bands over (X,6)- If , then the 'Cl' operator defined on ^(r’) 

X 

as in Def. 2.4 is a Kuratowski closure operator. 

Proof : VIq must check the four Kuratowski closure axioms. 

(i) Cl(^) = ^ : Suppose q e Cl($). Then, as every subset of X absorbs 

$ (trivially) , it follows that every subset of X must be in a - 

In particular, e cr and X e c . From (B*-l), ^ 5 X i.e. f 6 X 
which contradicts (P.3). Hence Cl(f) = ^ . 

(ii) Ac Cl (A) , for A in P(i;’) : Let o e A. Then every E e P(X) 

which absorbs A is in a and hence a e Cl (A). 

(iii) Cl (A) = Cl (Cl (A)) ; Let o e Cl (Cl (A)) and E absorbs A. Clearly, 

E also absorbs Cl (A) (by the definition of Cl (A)) and hence 

E E o. So o e Cl (A) . The reverse inclusion follows from (ii) . 


(iv) Cl(Au B) * Cl (A) U C1(B) : Let a e C1(A vi B) and let A absorb A, 

B absorb B. Then, from Prop. 7.4, AuB absorbs AU B, and hence, 
from (B*-2) , either A e a or B e cr, i.e. oe Cl (A) O C1(B). 
Conversely, if o e C1(A)«..^ C1(B) ,then either o e Cl(A)or o e CIQ). 

If E absorbs A U B, then E also absorbs each of A and B 
and hence E e o. Thus o e Cl(^u^. 
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7-10 Definition ; The topology induced on r’ by the above 

Kuratowski closure operator ’Cl’ is called the Absorption topology 
(or the A-topology) on £ ' . 

7.11 Remark : Note that for A e P(X), C 1 (A) ={0 e ; A e o}- 

7*17 Lemaa : The A-topology t. on E'o E* is : 

A X 

(i) iff 0 ^, ^2 ^ ^2 * ^ 

(ii) Hausdorff if either A e 0 or B e 0 ' , 0 , 0 ' e E’ . for all 

A,B in P(X) such that A u B = X, implies that 0 = 0 * - 

Proof : (i) follovrs as in Lemma 2.7. Ft?-in (ii) we first note that if 

a , o’ e E’ and 0 0 ' , then there exist A, B in PCX) such that 

A u B = X but A i a and B )£ 0 ’ . This implies that 0 i Cl (A) and 

o’ i CICB) (see Remark 7.11). Also, as A u B = X, Cl(A)u C1(B) 

= Cl(Au B) = {0 G E’ ; X e 0 }= £’ and hence 0 g(E’ - C1(A)), 

o' e (E' - C1(B)) and (E' - C1(A)) n (E’ - C1(B)) = f . Thus is 

Hausdorff. 

7.13 Lemma : Let Y be a Tj^-space and f ; X Y be a one-to-one map 

Let 62 ^ be the S-proximity on X as defined in Th. 6.15 corresponding 

/ f 

to the S-proximity 69 = 6 on Y. Then, for each y in f (X) , q ^ 

o 

= (A G P(X) : y e f(A)} is a band over (X, 62 )- fact, ^ 

where x = f ~ ^ (y) . 

Proof : Follows from the fact that A g iff ye £(A) iff x g A 

iff x 6 A iff A G 

We now come to the problem of embedding an S-space (X,5) proximally 
in a Hausdorff space Y with the S-proximity 6 ^. (cf. 2.19). 
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7.14 Theorec ; Let X be a non-void set and 5 a binary relation 
on P(X). For each A e PCX) let A* = {x e X : x 5 A} . Then the 
following are equivalent : • 

(A) ; There exists a Hausdorff space Y and a one-to-one raap 

f : X Y such that 

(i) f(X)' = Y 

(ii) fCA*) = £CA)"n fCX) 

(iii) A 5 B iff fCA) 6^ f(B) in Y.(4^'^is the S-proxinity) 

(B) : 5 is an S-proximity on X satisfying the foilwing : 

there exists a fainily i’ of bands over X such that : 

(i) A 6 B inplies there exists a a in r’ such that 

A,B e a and a ~ for some x e (A u B) . 

(ii) If a, a’ E X’ and if either A e a or B e o' for 
all A,B e PCX) such that Au B = X, then o = o'. 

Proof : CA) CS) ^ Th. 6,15 and condition CAO (iii) show that 5 

is an S-proximity on X. Again, as f is p-continuous , it is also 
continuous and consequently X, being the continuous pre- image of a 
Hausdorff space, is Hausdorff. We note that h* = A~. Let 
Z* = {o^^^ ; y e fCX)} . Then from Lemma 7.13, Z' is a family of bands 

over (X,6). We now show that conditions CB) (i) , (B)(ii) are satisfied. 

A 6 B implies (fCAv) r\ fCB)) U C^C^O ^ f (B)) ^ f . Suppose 
ye fCA)/) fCB) . Then o^^^ e Z' and clearly A e o^^\ From (A)(ii), 
y e fCB), i.e. B e o^^\ By Lemma 7.13, o^^^ = o^ for some x in A. 

Similarly, if y e f(A) AfCB), then for x in B. Hence 

CB)(i) holds. To prove (B) (ii) , suppose a ^ ^ y^. 
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Since Y is Hausdorff, there exist disjoint nbhds. Yjj Y 2 

respectively. Set A = f^Cf(X) - V2), B = f'^CfCX) - V^) . Then 
(72) (Yl) 

£ a , B j£ c and fCA u B) * fCX) iii^lies Au B = X. 

(B) ■=^ (A) ; As for x e X, x ^ x / from (P.4) x 5 x and hence, by 

(B)Ci), there exists a 0 in e» such that {x} e o- By Prop. 7.4(4), 
o = o^. Let Y a E» and define f : X ^ Y by f(x) = 0^ e E’. Clearly 
f is one-to-one. Assign Y the A-topology as given in Def. 7.1'^. 

Then, because of B(ii), from Lemma 7.12 (ii) it follows that is 

Hausdorff. From Remark 7.11, it is also clear that f(X)' ={o e E' : 

X e 0} = Y, i.e. (A) (i) holds. Again, since 0^ e f(A.*) iff x 6 A iff 
^ ^ ^x ^ '^f(X), (A) (ii) is also valid. Finally, we 

verify (A) (iii) . Let A 6 B . Then, there is a o in E ' such that 
A,B e o = 0^ for some x in (A u B) . Suppose x e A. Then a = a y. £ f(A.) 
and Bee in^lies o e f(B) , i.e. 0 s f(A) n f (B) and consequently 
f(A) 6^ f(B) . The proof when x e B is similar. Conversely, i-?^ 
y e (f(A) A f(B)) U (f(A) r\ £(B)) then Y ~ some x in (A \J P) . 

If X e A, then o e £(B) implies B e 0 and hence x 6 B, i.e. 

X ■' X 

X E A A B. But this means that A 5 B, and hence, in view of Th. 6.7, 

0 

A 6 B. The case when x e B can be proved in a similar fashion. Hence 
(A) (iii)^ is also verified. 

The subsequent results 7.15 to 7.17 correspond to 2.9, 2,11 and 
2.12 respectively. 

7.15 Lemma :Let (X,5) be an S-space and let f = f v • defined 

™'"'" A A ' 

by 'J(x) = o^, the point band. Then ^ is a hoiaeomorphism of X onto 

a dense subspace of E ’ . 

X 
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Proof : The result follows from a reasoning which is exactly similar 

to that in the proof of Th. 

7,16 The Fundamental Extension Theorem : Let snd be 

S-spaces and let f : X Y be p-continuous. Then there exists an 

associated function f_ : I ' Z ’ defined by f (a)={E e PCY):f^CE') e a}- 

X ^ 

The map f_, : -»■ (Z’,t ) is continuous and for x e X, 

^ X ^ Y ^ 

= '^f(x)* identifying X with and Y with lyCY), 


f^, is a continuous extension of f. 

Proof : We first show that if a c Z’, then f ,Ca) e Z' 

X ^ Y 

(i) A,B e f^,Ca3 implies f'^CA"), f (B') e a implies f^(A") 5j f-^C?’) 
(from (B*-!)). Since f is p-continuous, this means that A ^2 B and 
hence {B*.l) is verified for f , (o) . 

I* 

(ii) (At/B)ef^,(a) implies f’^CA u B)e cr implies f“^ (A) O f“^ (P)e 0 
in^lies f~^(A~)e a or f"^(B~)e a (from (B*-2)) so that either 

A e f , (o) or B e f , (a) . Consequently (B*.2) follows , 

z z 

(iii) A e f , (a3 > a 6,, B for each a in A implies f~ (A)e a and 

Z 2 

AC AcB. From Pron, 7.4(1), f”^(B)e a so that B e f ,(a), thereby 

" Z 

verifying (B*.3). Thus, f ,(a) e Z’ - The proof that f (Z’,t ) -> 

Z Y Z ^ 


(Zj, > T^) is continuous and that for x in X, f , (a ) = o 


is the 


same as in Th, 2.11, 


7.17 Theorem ; Let X be a dense subspace of an S-space (T,5j^). Then, 
if T. is the A-topology on. z' , the map f = f : (T,t(6)) (Z’,t.) 


defined by, for x e T, 'l'(x) = = (E e P(X) : x Oj E} is continuous 
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If X e X, then ¥(x) = o^, the point band, i.e. ?/X * Further, 

if T is T_, then ¥ is a homec^orphisB of T -in i*. 

Proof : V!e need only chepk that e , as the rest of the proof is 
identical with that of Th. 2.12. For this, we note the following : 

(i) A,B e a implies x 6 A and x « E, i.e. A B j* f ,so that, hy 
CP. 4), A 5 B . 

(ii) That (A u B) e o* iii^lies A e or Be o* is obvious. 

(iii) Let A e a and a 6 E for each a in A. Then x e A<^ B so 

that X 6 P, i.e. P e o*. This shows that o* satisfies 

(B*.2) and (B*.3) and hence o* e 1' . 

X 

By a reasoning exactly similar to that given in the proof of Th. 2.1", 

we get the following corresponding result for the ?-snaces. 

7. IS Theorem : Let (X,6) he an S-space and let X** be the family of 

all maximal bands in X with the A-tonology Then X** is a compact 

Tj-space containing a dense homeomorphic copy of X. 

To obtain a generalization of the Smirnov Theorem 2.20,2.21) for the 

S-spaces, we first observe that the method of the proof of Corollary 2.10 

also gives us an identical result when E and E^ are replaced hy E’ 

and I’ respectively. Hence, as in Th. 2.21, we get the generalization 
X 

of the. Smirnov theorem which reads as follows : 

7.19 Theorem : Let (X,6) be an S-snace such that if A 6 B then there 
exists a band over (X,6) which contains A and B. Then : 

(i) there exists a compact T. -space X (the space of all maximal hands 

over (X,6) with the A-topology t ) containing a dense homeomorphic 
copy of X. 



in X. 


(ii) A 6 B iff (Cl C|CA))^^ |(?)) g (|(A) f\CA f(B)) ^ f 

(iii) if CY,6*) is another S-snace and if f : (X,6) -»■ (X,5’) is 

p-continuous , then f has a continuous extension f X (x*, t.). 

I ^ Y ^ 

We will now prove a general theorem giving necessary and sufficient 
conditions for continuous .extensions of continuous functions from dense 
subspaces to exist. This result will then be used to get improvements of 
the results of Taimanov (Th. 3.2) and McDowell (Th, 3.6). 

7.20 Theorem : Let X be a dense subspace of an S-space (T,5^), (Y,5) 

be a separated EF-space, and let Y be the Smirnov comnactification of 
(Y,6). Then a continuous function f : X v has a continuous extension 
f : T -»■ Y iff f is p-continuous . 

Proof ; Necessity is evident in view of Prop. 6.14. To prove the 

sufficiency, we note that the map 8 = Sy : -»• Y , given by e(o) = o-, 

the unique cluster containing o e E^ , is continuous (Th. 2.13). Mence the 

result follows from Th. 7,17, Tli. 7.16, by setting 7 = 8 y’^X''^T 

note here that, as Y is a separated EF-space, in view o-p Remark 7.3, 

E’ = Ey). 

Y 

If, in the above theorem, Y is compact Hausdorff, then the man 
e ; Y Y which assigns to each cluster in Y its limit in Y, is 
continuous and so we may coijsider the extension p as a map from T 
into Y, Hence, we have the Poliowing theorem, the suPficiency part being 
an improvement of Taimanoy’s Theorem (Th. 3.2). 

7.21 Theorem ; Let X be a dense subspace of a T^^-space T and let Y 
be a compact llausdorff space. Then a continuous map f •: X -»■ Y has a 
continuous extension f : T Y iff for every pair oP disjoint closed sets 



^4 

¥^,V^ in Y. cr^^(Fj)a ci^ u (Cl^ r^(Fj) a t • 

We next prove an in^roved version of ?1cDowell‘s Theorew (see T!i,3.6). 

7.22 Theoreia : Let X be a dense subspace of a -space ® , and let 
functionally separated sets A,B in X satisfy the conditirai : 

(A nci^cr,)) i;ca(A) ab) = f . 

Let Y be a Tychonoff space. Then every continuous map f : X Y can 
be extended to a continuous mapping f : -»• Y defined by, for x e Hy’ 

f(x) = y iff X e Ey. Moreover, is the largest subspace of F to 

tifhich f has a continuous extension. 

Proof : The result follows as in proof of Th. 3.8, when the 5^ LO- 

proximity on E is replaced by the 5^ S-proximity on E. 

7.23 Letnma : Let X be a dense subspace of an S-space (T»5 q) and let 
(Y,6*) be a Tj S-space. If a continuous map f : X Y has a continuous 
extension f : T -► Y, then : 

(i) f is p-continuous . 

(ii) for each t e T, the family f ,(a^) = {A e P(Y3 : t e CU 

r p 

converges to some unique y^ in Y. 

Proof : (i) is a direct consequence of Prop. 6.14, while the proof for 

(ii) is TSfPoi/fii-c'fe the proof for the 'necessary' part of Lemma 3.9. 

With the help of the above lemma, we shall prove the final results of this 
work. 

7.23 Theorem : Let X be a dense subspace of a T^ space T and let 

Y be a locally compact Fausdorff space. Then a continuous map f : X y 

has a continuous extension f : T Y iff : 
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(i) for every pair of disjoint closed sets in Y, at least one of 

which is compact, ‘ ’ 

(f-^CF^A Cl^ f-^CF23)U (Cl^ f^CF^O r^CFp) = ^ . 

(ii) for each t e T, there exists a compact subset of Y such that 

t e Cl^ f^CC^). 

Proof : By assigning the 6^- EF-proximity as defined in the nroof of Th. 
3.11 and by letting X have the induced subspace proximity 5 from the 

A 

S-space (1,60 , if the extension exists, then the necessity of (i) and 
(ii) follows from Lemma 7.22 and the fact that Y is locally coiiraact 
Hausdorff. Conversely, as condition (i) implies that f is p-continuous, 
from th. 7.20 f has a continuous extension T : T ->■ Y {“} . To show 
that f(T)cz. Y, as in the proof of Th. 3.11, for t e T, we obtain a 
set G such that “eGoGoCY- C ), where C e f , (o^) . Clearly, 

G ySy as fj,,Ccr^) is a band over (Y,6y) ivhich is a separated 

EF-space, is also a bunch over (Y,6y) and thus, as before, 

G Z fj.iCa'^j. Hence, f(T) o Y. 



REFERENCES 


R.A.Alo and H.L. Shapiro, A note on conipactifications and seni norinal 
spaces ,J. Austral. Math. Soc. ^ (1968), 102-108. 

, Normal bases and conroactifications , Math. 
Annalen 175 (1968), 337 - 340. 


, ^ -realcompactifications and normal bases, 
J. Austral. Math. Soc. 9 _ (1969), 489 - 495. 

, Wallman compact and realcompact spaces, 

Contr. Ext. Theory of Topological Structures , Berlin (1969), 9 - 14. 

?. 

B. Banashewski, On Wallman's method of coiroactification. Math. 
Nachricten ^ (1963), 105 - 114. 

R.L. Blefko, On E-compact spaces, Ph.D. Thesis, The Pennsylvania 
State University, (1965). 

Nicolas Bourbaki, Elements of Mathematics, General Topology, Part I, 
Hermann (1966) . 

V.A.Efremovi^, The geometry of nroximity 1, Mat. Sb. ^ (73) (1952), 
189 - 200. 

R. Engelking, Remarks on real-compact spaces. Fund. Math. ^ (1964), 
303 - 308. 


, Outline of General Topology, Polish Scientific Publishers 

Warszawa (1968) . 

0. Frink, Compactifications and semi -normal spaces, ^mer. J. Math. 86 
(1964), 602 - 607. 

L. Gillman and M. Jerison, Rings of Continuous Functions, P. Man 
Nostrand Co. Inc., Princeton, N.J. (1960). 

J. deGroot and R.H, McDov<?ell, Extension of manpings on metric snaces. 
Fund. Math, ^ (1960), 251 - 263. 

E. Hewitt, Rings of realvalued continuous functions, Trans. A.M.S. 64 
(1948), 45 - 99. 

M- Katetov, On realvalued functions Jn topological spaces. Fund. Math. 
38 (1951), 85 - 91. - 



97 


17. 

18. 

19. 

20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 

29. 


30. 


31. 

32. 


33. 


S. Leader, On clusters in nroximity suaces. Fund. Math. 47 (1959), 

205 - 213. ‘ " ““ 

M.W. Lodato, On topological induced generalized nroximity relations I, 
Proc. A.M.S. 15_ (1964), 417 - 422. 

, On tonological induced generalized nroxiiaity relations 

II, Pacific J. Math. 17^ (1966), 131 - 135. 

, Generalized proximity spaces, A Generalization of 

Topology, ( to appear ) . 

R. H. McDowell, Extensions of functions from dense subsnaces, Duke 
Math. J. ^ (1958), 297 - 304. 

S. G.Mrowka, Axiomatic characterization of the family of all clusters 
in a proximity space, Fund. Math. ^ (I960), 123 - 136. 

, Some pronerties of Q-spaces, Bull. Acad. Polon. Sci. 

£ (1957), 947 - 950. 

S.B. Krishna Murti, A set of axioms for topological algebra, J. 

Indian Math. Soc. 4 (1940), 116 - 119. 

C.J. Mozzochi, Symmetric generalized uniform and proximity spaces. 
Trinity College, Hartford, Connecticut (1968). 

S.A. Naimpally and B.D, Warrack, Proximity spaces, Cambridge 
University Press (1970) , (in press) . 

0. Njastad, On Wallman-type compactifications , Math. Z. 91, (1966), 
267 - 276. 

W.J. Pervin, Foundations of General Topology, Academic Press, 

New York (1964) . 

, On separation and proximity spaces, Amer. Math. 

Monthly 71^ (1964) ,' 158 - 161. 

V.I. Ponomarev, On closed mappings, Uspekhi Mat. Nauk jW (1959), 

No. 4 (88) , 203 - 206. 

Y.M. Smirnov, On proximity spaces. Mat. Sb. ^ (73), (1952), 543-574. 

A.K. Steiner and E.F. vSteiner, Wallman and Z-compactifi cations, Duke 
Math. J. ^ (1968), 269 - 276. 

, Products of compact metric spaces are 


regular Wallman, (to appear) 



I 


Q8‘ 


34. A.K. Steiner and E.F. Steiner, Nest generated intersection rings in 
Tychonoff spaces, Trans, A.M.S. (to appear). 

35. E.F. Steiner, Wallman spaces and cqinpactifications. Fund, ffath. ^ 
(1968), 295 - 304. 

36. P. Szymanski, La notion des ensembles separes coisme terme primitif 
de la topologic. Math. Timisoara (1941), 65 - 84. 

37. A.D.Taimanov, On extensions of continuous mappings of topological 
spaces. Mat. Sb. ^ (1952), 459 - 463. 

38. A. D. Wallace, Separation spaces. Annals of Math. 42^ (1941), 687 - 697. 

39. , Separation spaces II, /oiais . Acad. Brasil Ciencias 14 

(1942), 203 - 206 . " 

40. H. Wallman, Lattices and topological spaces, Ann, of Math. 39 

(1938), 112 - 126. * 



INDEX OF NOTATIONS 


PCX) 
iff 
i .e. 

A <C B 

f 

5 

A 6 B 
A i B 
t(5) 

7r(6) 

nbhd. 

A or Cl (A) 
A" 

A < < B 

vr.r.t . 
f .i .p. 
c.i.p. 
c.p. 
p.f . 


Power set of X . 
if and only if . 
that is . 

A is a subset of B . 
the null set . 
proximity relation . 

(A,B) e 6. 

CA,B) ^ 5 . 

topology induced by 5 . 

uniformity induced by 6 

proximity induced by the uniformity 

set of all uniformities compatible with 

neighbourhood . 

closure of A . 

interior of A. 

B a (S -neighbourhood of A. 

the real line. 

set of natural niimbers. 

with respect to. 

finite intersection property. 

countable intersection property. 

countably productive. 

point finite- 
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LO-proxisiity 5^ 
S-proximity 6^ 


a 

a 

X 

6 , > 

zcf),z 

zcx) 

W(X,%), wc^) 

oCX,^), nct) 

BX 

vX. 

w 

"a 

^x 

Z' 

X 

S -uniformity 
SU-space 
SU- topology 


{ (y*x) e X X X • Cx,y) e'^}- 

{ y e X ; Cx,y) e U ’for some x in A } . 

diagonal in X x X, i.e. {(x,x)}: x e X} . 

subspace proximity on Y. 

fractionally distinguishable EF -proximity . 

LO-proximity defined on the power set of X by 
A §0 B iff A A B jf ^ . 

S-proximity defined on the power set of X by 
A B iff CA B) (A B) # . 

cluster, bunch or band. 

{ A e P(X) : A « X } . 

5^ is finer than 6 ^ i.e. A 6^^ B implies A 6^ B. 
zero set of the continuous function f. 
fandly of all zero sets in X, 

Wallman contact if icat ion of X corresponding to the 
base . 

Wallman ^6.*-realcoTroactification of X corresponding 
to the base . 

Stone-Cech coropactification of X. 

Hewitt realcompactifi cation of X, 

Hallman mapping. 

Absorption topology or A-topology. 

family of all bunches over a LO-space (X,^). 

family of all bands over an S-space (X,6). 

separated uniformity. 

separated uniform space. 

separated uniform topology. 



